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ABSTRACT OF THE THESIS
A Generalization of Molino’s Theory to Riemannian Groupoids
by
Lily Zhang
Master of Arts in Mathematics
Washington University in St. Louis, 2026
Professor Xiang Tang, Chair

Riemannian groupoids describe Riemannian foliations together with their symmetries. In
this thesis, we extend classical Molino’s theory, which concerns the structure of Riemannian
foliations on compact manifolds, to the setting of regular Riemannian groupoids with compact

unit spaces.

We observe that the orbit foliation associated with a regular Riemannian groupoid defines
a Riemannian foliation on the unit space. The main result of the thesis shows that the
normal representation of a Riemannian groupoid extends naturally to an action on the Molino
structures of the orbit foliation, thereby yielding the fundamental structural description of a
regular Riemannian groupoid. In addition to the main result, we clarify the essential role

played by basic Lie algebroids in Molino’s theory.

As applications, we derive Molino-type structure theorems for compact group actions and

orbifolds.



Chapter 1

Introduction

Molino’s structure theorem did not arise in isolation. Molino introduced it as part of a line
of development beginning with the global study of ordinary differential equations, where a
nonsingular vector field partitions a manifold into its trajectories, and continuing through
the general formulation of foliations by Ehresmann and Reeb. Within this broader theory,
Reinhart’s 1959 introduction of bundle-like metrics singled out Riemannian foliations as those
foliations whose leaves remain locally at constant distance from one another. Reinhart also
established two of the rigidity phenomena that made the subject geometrically compelling:
geodesics initially perpendicular to a leaf remain perpendicular to every leaf they meet, and for

complete bundle-like metrics, the leaves have the same universal covering |13 Introduction].

Molino’s insight was that the Riemannian condition is fundamentally transverse. In his
original presentation, the global geometry becomes accessible only after passing from (M, F)
to the orthonormal transverse frame bundle and the lifted foliation, where the transverse
Levi-Civita connection produces a canonical transverse parallelism. This reduces the study

of compact Riemannian foliations to the transversely parallelizable and Lie foliation settings,



and leads to the description of leaf closures in terms of a locally constant sheaf of germs of

transverse Killing fields whose orbits are exactly the leaf closures [13, Introduction, Thm. 5.2].

In recent years, Molino’s theory has been pushed in several directions. Liu [10] proposed
a generalization involving a Riemannian foliation with a foliated projection onto a second
one, yielding, in the Killing case, an equivariant basic cohomology isomorphism—extending
Goertsches—T6ben—that is realized geometrically through equivariant basic E—genus charac-
ters and linked to the transverse Atiyah-Singer index theorem. Alvarez Lopez and Moreira
Galicia [1| developed a topological analogue for compact equicontinuous foliated spaces with
dense leaves, associating to such a space a structural local group. Dyer, Hurder, and Lukina
[5] developed a Molino theory for matchbox manifolds, which are foliated spaces with totally

disconnected transversals.

In each of these developments, the starting object is still a foliation; in this thesis, we start
instead from a Lie groupoid and place it in a Riemannian setting by means of a 2-metric.
More precisely, the main theorem is proved for Hausdorff regular Lie groupoids with a
compact connected object manifold, equipped with such a metric. When a Lie groupoid
is regular, the connected components of its orbits form the orbit foliation [11], so Molino’s
theory provides the natural regular model. The point of the groupoid viewpoint, however, is
that it retains structure that is invisible from the orbit foliation alone, for example, isotropy
and the transverse normal representation. The thesis shows how Molino’s theory for the orbit

foliation can be recovered in this setting and then reinterpreted in groupoid terms.

1.1 Main results

The main theorem for the regular Riemannian groupoid case is Theorem [3.41. Let G = M be

a Hausdorff regular Lie groupoid equipped with a 2-metric, with M compact and connected.



Then the induced orbit foliation (M, O) is Riemannian. Passing to the transverse orthonormal

frame bundle OF (M, ©) and to the lifted foliation O, we recover the Molino package.

The Lie algebroid refinement is that, on the foliation side, Proposition [3.37 constructs the
transitive basic Lie algebroid and Lemma identifies its isotropy fibres with the structural
Lie algebras of the Lie foliations. Proposition constructs a global Maurer—Cartan form
assembling the fibrewise Maurer—Cartan forms. On the groupoid side, Proposition [3.51]
identifies I'(A¢) with right-invariant source-vertical vector fields on G. Proposition [3.55
shows that, in the regular case, its anchor recovers the orbit distribution and its isotropy
recovers the isotropy Lie algebras, and Proposition [3.57 shows that the transverse isotropy
representation differentiates to a Lie algebra representation of the isotropy Lie algebra on the

transverse directions.

Chapter 4] also develops several corollaries of Molino’s theory. Proposition gives a compact-
group-equivariant version of Molino’s construction. Corollaries and then formulate
corresponding orbifold and proper effective étale versions through the orbifold transverse

frame-bundle construction.

1.2 Organization of the thesis

We begin in Chapter 2| by reviewing the background and basic terminology for foliations,
Lie groupoids, Lie algebroids, and Riemannian groupoids. We develop the main regular
theory in Chapter [3]| We prove Molino’s structure theorem for regular Riemannian groupoids
and develop the basic Lie algebroid and the Lie algebroid Ag = Lie(G). Chapter (4| derives
corollaries of Molino’s theory in the compact-group-equivariant, orbifold, and proper effective
étale groupoid cases. We end in Chapter 5| by illustrating the regular theory through the

kernel groupoid and the Kronecker flow groupoid.



Chapter 2

Preliminaries

Our smooth-manifold terminology comes from Lee [6], and our Riemannian terminology

comes from Lee [7].

For foliations and Lie groupoids, we follow Moerdijk—Mrc¢un [12]; for regular Lie groupoids,
we also use Moerdijk’s description of regular groupoids as extensions of foliation groupoids

[11]. The Riemannian groupoid background comes from del Hoyo—Fernandes [4].

2.1 Foliations and transverse geometry

2.1.1 Regular foliations and basic forms

Definition 2.1 (|12, Secs. 1.1-1.2]). A (regular) foliation F of dimension p on a manifold

M is an involutive rank-p subbundle T'(F) C T'M. Its maximal connected immersed integral



manifolds are the leaves of F. The codimension of F is

q :=dim(M) — p,

and its normal bundle is

N(F) := TM/T(F).

We write L, for the leaf through x € M. A subset U C M is saturated if it is a union of leaves.

In a foliated chart U = RP x R?, the leaves are locally the plaques R? x {y} [12, Sec. 1.1].

Definition 2.2 (|13, Sec. 2.3]). A differential form w € Q*(M) is basic with respect to F if

txw =0, tx(dw) =0

for every vector field X € I'(T'F).

Basic forms will reappear later in the descent arguments for transverse and orbifold forms.

2.1.2 Riemannian foliations and Molino’s theorem

Definition 2.3 (|12, Sec. 2.2|). A Riemannian metric g on M is bundle-like for a foliation F
if the induced metric on the normal bundle N(F) is invariant under holonomy. A foliation is

called Riemannian if it admits a bundle-like metric.

The term bundle-like metric goes back to Reinhart’s 1959 paper [14].

For a compact connected Riemannian foliation (F, g) of codimension ¢ on M, the transverse

orthonormal frame bundle

m:OF(M,F) — M

5



carries a lifted foliation F; moreover, the transverse canonical form and the transverse Levi—

Civita connection form on OF(M,F) furnish a transverse parallelism for (OF (M, F),F)

[12) Ex. 4.19 and Thm. 4.20].

Theorem 2.4 (Molino, [12, Thm. 4.26]). Let (F,g) be a Riemannian foliation of a compact
connected manifold M, and let F be the associated lifted foliation of the transverse orthonormal

frame bundle OF (M, F).

1. The foliated manifold (OF (M, F),F) is transversely parallelizable.

2. There exists a manifold N with an O(q)-action and an O(q)-equivariant fibre bundle

s:OF(M,F) — N such that the fibres of s are exactly the closures of the leaves of F.

3. The Lie algebra g of transverse vector fields 0f]-"|5_1(y) 15 independent, up to isomorphism,
ofy € N. The foliation .7:—|571(y) 1s a Lie foliation given by a canonical g-valued Maurer—

Cartan form with a dense holonomy group.

2.2 Lie groupoids, Lie algebroids, and actions

2.2.1 Lie groupoids, actions, orbits, and isotropy

Definition 2.5 (|12, Sec. 5.1]). A Lie groupoid G = M is a groupoid with object manifold
M and arrow manifold G, where M is a smooth Hausdorff manifold and G is a smooth

manifold, possibly non-Hausdorff, such that the source map
s:G—M

is a smooth submersion with Hausdorff fibres, and all the other structure maps are smooth.



The other structure maps are the target map ¢t : G — M, the unit map v : M — G, the

inverse map ¢ : G — G, and the multiplication map

m:GxyG—= G, (h,g) — hg,

defined on the fibre product G xy G :={(h,g9) € G x G | s(h) =t(g)}.

Definition 2.6 (|12, Sec. 5.3]). Let G = M be a Lie groupoid and let € : N — M be a

smooth map. A left action of G on N along € is a smooth map

GxuN:={(g,y) €eGxN|s(g)=€)}—N, (9,9)—g-vy,

such that

The associated translation groupoid (or action groupoid)

Gx N=N

has arrow manifold G xj; N, source and target maps s(g,y) = y and t(g,y) = ¢ - y, and

multiplication (¢', g - v)(g,y) = (¢'g,v).

Taking N = M and e = id,;, any Lie groupoid acts canonically on its object manifold by

g -z :=1(g) whenever s(g) = x.

For x € M, the wsotropy group at x is

G, :={g € G|s(g9) =t(g) = =},



and the orbit through x is

[11] 1.5].

Definition 2.7 (|11, 1.3(b)]). A Lie groupoid G = M is proper if the map

(s,t): G— M x M

is proper.

In addition to the source cited above, [8] provides further background on the definitions used

here.

2.2.2 Lie algebroids, regularity, and normal representations

Associated with a Lie groupoid G = M is its Lie algebroid

Ag = ker(ds)|y — M,

with anchor

PG — dt|AG : AG —)TM,

and bracket induced from right-invariant source-vertical vector fields |12, Sec. 6.1]. For each

x € M, the isotropy Lie algebra is

(ker pg). = Lie(Gy).



Definition 2.8 (|11, 1.3(g), 1.5]). A Lie groupoid G = M is regular if its anchor
PG - AG —TM
has locally constant rank; equivalently, the orbit dimension is locally constant.

If G is regular, then ps(Ag) C T'M is a smooth involutive subbundle, and hence defines a

foliation O on M whose leaves are the connected components of the orbits |11} 1.5].

If O C M is an orbit, the restricted groupoid G|o = O acts on the normal bundle
v(0):=TM|o/TO

by the normal representation; dually, it acts on the conormal bundle [4, Sec. 2.2].

2.3 Riemannian groupoids

Following del Hoyo—Fernandes, if a Lie groupoid G = M acts on a manifold F, a Riemannian

metric on F is called transversely invariant if the normal representation of the action groupoid
GxE=FE

acts by isometries |4, Definition 2.2.2].

Definition 2.9 ([4, Definitions 3.1.1, 3.2.1, 3.3.2|). Let G = M be a Lie groupoid.

1. A 0-metric on G = M is a Riemannian metric n(® on G(® = M that is transversely

invariant for the canonical action G ~ M, given by g - s(g) = t(g).



2. A 1-metric on G = M is a Riemannian metric n) on G = G that is transversely

left-invariant and for which the inversion 7 is an isometry.

3. A 2-metric on G = M is a Riemannian metric (® on G® that is transversely invariant
for the action

0,: GG, k- (h,g) = (kh,g),

and for which the group S acts by isometries. The pair (G = M,n®) is called a

Riemannian groupoid.

Here transversely left-invariant means transversely invariant for the left-translation action of
G on G; equivalently, n!) is s-transverse, and because inversion is an isometry, this is also

equivalent to being t-transverse [4, Example 2.3.2 and Definition 3.2.1].

Proposition 2.10 (|4, Proposition 3.3.4]). Let G = M be a Lie groupoid. A 2-metric n®

on G® induces a 1-metric nV on GY, and hence also a 0-metric n© on G(©.

Theorem 2.11 (Del Hoyo—Fernandes, [4, Thm. 1|). Every Hausdorff proper Lie groupoid

admits a 2-metric.

10



Chapter 3

Molino’s structure theorem for regular

Riemannian groupoids

This chapter develops Molino’s structure theorem for regular Riemannian groupoids.

In the regular case, the orbit foliation provides the link with classical Molino’s theory: the
metric induced by the Riemannian groupoid structure makes the orbit foliation Riemannian,

and passing to the transverse orthonormal frame bundle gives access to Molino’s construction.

We then use Lie algebroids to organize the structural information coming from the leaf

closures and to relate it to the isotropy and normal representation of the original groupoid.

11



3.1 Regular groupoids, metrics, and normal representa-

tions

3.1.1 Regular Riemannian groupoids and the orbit foliation

Following the discussion in Chapter , we start by discussing the tools we will need from [4]

and [11].

Definition 3.1 (|11, 1.3(g), 1.5]). A Lie groupoid G = M is regular if the anchor map of its
associated Lie algebroid g, p : g — T'M, has locally constant rank. Equivalently, for each
x € M, the target map ¢ : G — M restricts to a map ¢ : s~!(z) — M of constant rank (if M

is not connected, only locally of constant rank).
If this is the case, T(O) :=im(p) C T'M is a smooth involutive subbundle, defining a regular

foliation @ on M whose leaves are the connected components of the orbits O, := t(s(z)).

We summarize these assumptions as our hypotheses.

Hypothesis 3.2. Let G = M be a Hausdorff, reqular Lie groupoid. Assume that M 1is

compact and connected, and fix a 2-metric n'? on G2 . Let O be the orbit foliation, and set

N :=TM/T(O) with rank N = ¢ = codim O.

Now we discuss Riemannian groupoids and induced transverse metrics. We follow del

Hoyo—Fernandes [4]; in particular, the discussion below uses Sections 2 and 3 of that paper.

12



Let G = M be a Lie groupoid. We write G C G™ for the manifold consisting of chains of

n composable arrows,
GO=Mm  GY=aG  GP=GxuG={(hg) €GxG|sh)=t(g)}

In general,

G(n):GXMXMG
N -~ 7
n factors

On G®, we denote by

m1(h,g) = h, ma(h, g) = g, m(h,g) = hg.

We now define the orbitwise normal representation and verify that it is well-defined and

smooth.

Remark 3.3 (Normal representation). Let G = M be a Lie groupoid and let O C M be an
orbit. Write Go := Glo = {g € G | 5(g9),t(g) € O} = O for the restriction groupoid and
denote the normal bundle of O in M by v(O) :=TM|o/T(O). Let v(Go) denote the normal
bundle of the immersed subgroupoid Go C G, v(Go) :=TG|q,/TGo.

Since s|g, and t|g, are submersions Go — O, ds and dt send T(Gp) into T'(O) and hence
descend to vector bundle maps ds : v(Gp) — s*v(0), dt : v(Go) — t*v(O). Moreover, ds is
a vector bundle isomorphism. Using the canonical identifications s*v(0) = G xo v(O) and

t*v(0) = Go xo v(0), the normal representation is the composite

Go %0 1(0) = sw(0) ““ 1 1(Go) “% #*1(0) = Go xo 1(0).
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This means that for each arrow g € Gp with s(¢g) = z and t(g) = v,

Ny 1= dty o (ds,) " 1 v,(0) — 1, (0).

We will return to this construction in Proposition [3.13. In particular, for a Lie groupoid
action 0 : G ~ F, the associated action groupoid G x; E = E has a normal representation

along each orbit in F.

Definition 3.4 (|4, Definition 2.2.2]). Let # : G ~ E be a Lie groupoid action. A metric
n¥ on E is transversely 0-invariant if the normal representation of the action groupoid

G x ) E = E is by isometries, or equivalently, if the conormal representation is by isometries.

Our construction of the main theorem is based on the implication given by Proposition [2.10]
The next step is to use the induced 0-metric to relate to the normal representation as in [4].

We summarize this in the following proposition.

Proposition 3.5. Under Hypothesis let n©) be the metric on M = G© induced by the
given 2-metric N, and let g™ = 1O . Then g™ is transversely invariant for the canonical

action G ~ M, hence g™ is a 0-metric.

Equivalently, for each orbit O C M, the normal representation A\: Go ~ v(O) acts by

fibrewise isometries for the metric on v(O) induced by g™.

Proof. By Proposition [2.10, there is a 0-metric n® on M. By Definition @, this means
that n(©) is transversely invariant for the canonical action G ~ M. The second part follows

directly from Definition O

Then we review the fact that the orbit foliation is Riemannian.
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Proposition 3.6 (|4, Proposition 3.2.2(ii)|). Under Hypothesis the induced metric

g™ == n© makes the orbit foliation O into a Riemannian foliation.

3.1.2 Orbitwise and global normal representations

Recall that we briefly discussed the normal representation in Remark [3.3. Now we want to

discuss the orbitwise normal representation.

Lemma 3.7. Let G = M be a Lie groupoid and let x € M. Then the restriction t, :=

-1y s Hx) = Oy = t(s‘l(x)) is a surjective submersion and a principal G,-bundle.

Consequently, for any arrow g: v — y, we have dt,(kerds,) = T,(O,) and ds,(kerdt,) =
T.(0,).

Proof. The first part is Theorem 5.4(iv) of [12]|. For fixed z € M,

ty = tls-100): s (x) = O,

is a principal G,-bundle, hence a surjective submersion onto the orbit O,.

The second part is also easy to show. Let g: x — y. Since s7!(x) C G is a submanifold with

Ty(s7(x)) = ker(ds,), we have

d(ty)g = dtg|ker(dsg): ker(dsy) — T,(0.),

and it is surjective because t, is a submersion. Therefore

dty(kerds,) = T,(0,).
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Using that the inversion map interchanges s and ¢, we get

dsy(kerdt,) = T,(O,).

O

Definition 3.8 (|3, Prop. 3.4.2]; |4, Sec. 2.2]). Let O C M be an orbit of the Lie groupoid
G = M, and let g : x — y be an arrow in Go. For [v] € v,(0) := T.(M)/T,(0O), choose a
representative v € T, (M). Since s : G — M is a submersion, there exists X € T,(G) such

that dsy(X) = v. This allows us to define

Ag([v]) = ldty(X)] € 1, (0) == T,(M)/T,(0),

where [dt,(X)] denotes the class of dt,(X) in the quotient. We call this the normal represen-

tation along the orbit.

We will show in Lemma [3.9 that this is independent of all choices.

Lemma 3.9. For an arrow g : x — y in Go,

[dty(X)] € v,(0) = T,(M)/T,(O)

is independent of the choice of representative v € T,,(M) of [v] € v,(O) = T.(M)/T,(O) and
of the choice of lift X € T,(G) with ds,(X) =v. Hence

A 1 v2(0) = 1y(0), Ag([v]) = [dty(X],

is a well-defined linear map.
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Proof. From Lemma we have

dty(kerds,) = T,(0), (3.10)

dsy(kerdt,) = T,(0). (3.11)

If X,X" e T,(G) satisty ds,(X) = dsy(X’) = v, then X' — X € ker(ds,). By (3.10),
dty(X' — X) € T,(O), hence

[dtg(X")] = [dty(X)] € T,(M)/T,(O).

Suppose v, v’ € T,(M) represent the same class in v,(0) = T,.(M)/T,(O), so v' — v € T,,(O).
By (3.11]), we can choose Z € ker(dt,) such that ds,(Z) = v" —v. If X is a lift of v such that
dsy(X) =wv,let X' := X 4+ Z. Then

dsg(X') = and  dt,(X') = dt,(X).

This is to say A, is well-defined, and linearity is immediate from the construction. O]

Lemma 3.12. Let O C M be an orbit and let \: Go ~ v(O) be the normal representation.
For the unit arrow 1., we have Ay, = id, (o). For composable arrows g: x — y and h: y — z
in Go, we have Apg = A\ 0 Ay.

Proof. This is covered in [4, Sec. 2.2]. O

Proposition 3.13 (|4, Sec. 2.2]). For each orbit O C M, {)\;}sec, defines a smooth

representation of the restriction Lie groupoid Go = O on the vector bundle v(O) — O.
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In particular, for each arrow g: x — y in Go, the map A\;: v,(O) — 1,(0) is a linear

isomorphism with inverse \g-1.

Moreover, under the hypotheses of Proposition each A\, is an isometry for the metric on
v(0) induced by g™ |4, Def. 3.1.1].

Assume from now on that G is regular, so the orbit foliation O has constant rank and
N :=T(M)/T(O) — M is a smooth vector bundle of rank ¢q. We now consider the global

normal representation on V.

Proposition 3.14. The orbitwise normal representations of Proposition|3.13 assemble into a
smooth representation X : Gxy N — N, (g, [va]) = A} ([va]), such that the bundle projection

n: N — M satisfies tn (AN (g, [v2])) = t(g). Equivalently, the following diagram commutes:

Gxy N 225 N

SR
M.

G t

Under the hypotheses of Proposition each /\]gv is an isometry for the induced metric g"
on N.

Proof. For each arrow g: © — y, let O, denote the orbit through z (as well as through v).
Because G is regular, we have N, = T, M /T,(O) = v,(0,) and N, = T,M/T,(O) = v,(O,).

Let )\év : N, = N, be the orbitwise normal map of Proposition [3.13 under these identifications.

We want to show smoothness. Consider ) := TG/ ker(ds) — G. Since s: G — M is a

submersion, ds induces a vector bundle isomorphism

ds: Q —» s*(TM).
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We have used earlier that diy(ker ds,) = T, (O) for each g: & — y, by Lemma [3.7. Hence dt

descends to a smooth vector bundle map

dt: Q — t*(N).

So far we can summarize the construction as follows:

—1
sTM —%— TG/ ker(ds)

l y

S*N -~ » t*N.

It’s interesting to note that s*(T'M) B Q &, t*(N) vanishes on s*(7T'(0)). If v € T,.(O),
then by Lemma [3.7 there exists £ € ker(dt,) with dsy(&) = v, so the image of v in t*(N) is
zero. Therefore the composite factors uniquely through s*(N) = s*(T'M)/s*(T'(O)), which

yields a smooth vector bundle map
MV: 5" (N) — t*(N).

Its fibre at ¢ is )\év. Equivalently, this is a smooth action map \V: G x,; N — N.

The last part follows from Proposition quite directly. ]
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3.2 Molino theory’s frame bundle and lifted groupoid

action

3.2.1 The transverse orthonormal frame bundle and lifted foliation

The following definitions and lemmas discuss Molino’s frame bundle construction for the
Riemannian foliation (M, O), together with the Lie algebroid ingredients used in the proof of
Theorem [3.41]

Our intention in keeping the functoriality and descent statements here is that they are used

later in the corollaries and fit naturally with the frame bundle construction.

Definition 3.15 (|12, Ex. 4.19]). Let ¢ = rank N. The transverse orthonormal frame bundle

of (O, g") is the principal O(q)-bundle 7 : OF (M, O) — M whose fibre over z € M is

OF, =7 (z) = {e :R? — N, | e is an orthogonal linear isomorphism},

where N, is equipped with giv .

The right action of O(q) is given by e- A :=e o A for A € O(q).

To apply Molino’s theory to the regular Riemannian foliation (M, O), we recall the transverse
orthonormal frame bundle 7: OF(M,O) — M and the associated Molino structures: the

lifted foliation (5, the transverse canonical form 6, and the transverse Levi-Civita connection

VT on N.

Remark 3.16 (|12, Remark 2.7(2)]). Since (M, O) is a Riemannian foliation with respect to g™

by Proposition , we may choose a Haefliger cocycle (s;: U; — T;), where T; C RY is open,
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defining O, such that each s; is a submersion with connected fibres and ker(ds;), = T,.(O)

for x € U;.
On overlaps U; N U;, the transition maps s;;: s;(U; NU;) — s;(U; N U;) satisfy s; = s;5 0 ;.

Definition 3.17 (|12, Ex. 4.19]). Choose a Haefliger cocycle (s;: U; — T;). Let OF(T;) — T;

be the orthonormal frame bundle of the Riemannian manifold (73, g;).

For x € U;, (ds;),: T, M — T, (x)T; has kernel T.(O), hence induces a linear isomorphism

(ds;)Y : Ny = T,M/T(O) — Ty T

Let 7: OF(M,O) — M be the transverse orthonormal frame bundle and define
5 N U;) — OF(Ty), si(e) == (dsi)f(e) oe.

For f € OF(T;), the restriction of 7 identifies the fibre 5; '(f) diffeomorphically with the

fibre s;*(m;(f)). In particular, each 3; is a submersion with connected fibres.

On overlaps U; N Uj;, define

sij - OF(T))|s;winv;) — OF(Th)

s:(U;NU;) gij (f) = (dsij)y © f7

for f € OF(T}),. On m~*(U; N U;), we have

Therefore the fibres of the 3; glue to a global foliation @ on OF (M, ©), which we call the

lifted orbit foliation.

21



Thus 7 : (OF (M, 0),0) — (M, ) is a transverse principal O(g)-bundle.

Remark 3.18. We give some pictures. For each ¢, letting 77, : OF(T;) — T; be the orthonormal

frame bundle projection, the local defining submersions of the lifted foliation fit into the

commutative diagram
=Y U) %, OF (T3)

. lm
T;.

Uz—> i

Thus the fibres of s; project diffeomorphically to the fibres of s;.

On overlaps U; N Uj;,
_I(UiﬂU —>OF( )s]UﬂU)

\\\\\ k”

F(T)s,winvy)-

Definition 3.19 (|12, Ex. 4.19]; |13} Sec. 2.4; Prop. 2.6; Sec. 3.3|). Let 7 : OF(M,0) — M

be the transverse orthonormal frame bundle, O be the lifted orbit foliation, and pr™¥ : TM —

N :=TM/T(O) be the quotient projection. We define the following.
(i) The transverse canonical form is the 1-form § € Q'(OF (M, O),R?) defined by
0.(€) =7 (prie) ((dm)e(€))),  e€ OF(M,0), ¢ e T.OF(M,0).

It is O(g)-equivariant and satisfies ker(6,) = ker((dn).) @ T.(0).

(ii) For each i, let (ds;) : N|y, — s:(T'T;) be the induced isometric bundle isomorphism,

and let V' be the ordinary Levi-Civita connection of the Riemannian manifold (7}, g;).

Define a connection on N|y. by

VA ((dsi)N)_l o sz‘vi o (dsi)N,
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The V™ can be glued to a global metric connection V% on N, which we call the

transverse Levi—Civita connection.

(iii) Let ey,...,&, be the standard basis of R?. The tautological orthonormal frame
Ey,...,E, of m™N is defined by E,(e) := e(e,), e € OF (M, Q). The transverse Levi-

Civita connection form is the unique 1-form w € QY(OF(M,©),0(q)) characterized

by
q
(T*V)eEa = Y wial€) By, €€ T.OF(M,0).
b=1
Since V' is metric and E, ..., E, is orthonormal, the matrix (wp,) is skew-symmetric.

Proposition 3.20. The local connections V™ are compatible on overlaps and determine
a global metric connection V™ on N, independent of the chosen Haefliger cocycle. If
.. OF(T;) — T; denotes the orthonormal frame bundle of (T;,g;) and w; denotes its

ordinary Levi-Civita connection form, then on m#=1(U;), w = Sfw;.

In particular, w is a projectable connection on the transverse principal O(q)-bundle

(OF(M,0),0,).

Proof. Following Definition on U; NUj;, the transition map s;; : s;(U; NU;) — s;(U;NU;)
is a local isometry. Since a local isometry is an isometry onto an open subset, the naturality
theorem for the Levi-Civita connection applies after restriction |7, Proposition 5.13]. Hence
s;; V' = V7 on s;(U; N Uj). Because (ds;)N = (ds;;) o (ds;) on U; N Uy, the pullback

connections agree:

Vit = yind on U;NU;.

Therefore the V' glues to a global metric connection V¥ on N.
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To prove independence of the chosen cocycle, let (s), : U, — T) be another Haefliger cocycle
and let V! be the Levi-Civita connection on T7,. For x € U; N U,, after shrinking if
necessary, there is an open neighbourhood W C U; N U, of x and a local diffeomorphism
hig : sL(W) — s;(W) such that

a

Si’W = hia o S;‘W.

Since both (ds;) and (ds/,)" are fibrewise isometries, h;, is a local isometry. Applying again
|7, Proposition 5.13|, we obtain
hi V' = V..

Hence the corresponding local pullback connections agree on W, so the global connection V**

is independent of the cocycle.

It is clear that the lifted map 5; : 7' (U;) — OF(T;) identifies 7*N| -1,y with 8} (7}, T'T;),
and the tautological frame F1, ..., E, on 7N corresponds to the tautological frame Ej, . .., E;

on 7}, T'T;. Hence, the pullback connection 7 V™ corresponds to 5} (w4, V*), and by the defining

property of connection forms, w|,—1(v,) = (5;) w;.
Finally, on 7=(U;), the foliation O is the foliation by fibres of ;. Hence, for every X € X(0),
ixw =1x(5;)*w; = 0 and ix(dw) = ix(s;)*(dw;) = 0, so Cartan’s formula gives

Lxw = d(ixw) + ix(dw) = 0.

Thus w is a projectable connection on the transverse principal O(g)-bundle (OF (M, O), O).
]

Lemma 3.21 (|12, Theorem 4.20]). Let 7 : OF (M, Q) — M be the transverse orthonormal
frame bundle of a Riemannian foliation (M, Q) of codimension q, with lifted foliation (5,

transverse canonical form 0, and transverse Levi—Civita connection form w.
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Then, (0,w) induces a vector bundle isomorphism

U:N(O) — OF(M,0) x (R?®o(q)),  [€] — (6(€),w(€)),

where N(O) = TOF(M,0)/T(O). In particular, (OF (M, ©),O) is transversely paralleliz-
able.

Proof. For each e € OF (M, Q), define

U, : T.OF(M,0)/T.(0) — RI@o(q),  [€] — (0.(6),we(€)).

First, by Definition W(l) we have 0|5 = 0, and by Proposition we also have w| 5, = 0.
Hence V. is well-defined.

Recall that ker(6,) = ker((dr).) & T.(0). Solet [¢] € T.OF(M,0)/T.(O) satisfy W.([¢]) = 0.
Choose ¢ € T.OF (M, O) with 6.(¢) = 0 and w,(£) = 0. Since 0,.(§) = 0, it makes sense that
E=v+Es, v € ker((dr).), & € T.(0).

Because w vanishes on T(0), we have 0 = we(§) = we(v) + we(§5) = we(v). Since w
is a connection form on the principal O(g)-bundle 7 : OF(M,O) — M, its restriction
we : ker((dr).) — 0(q) to the vertical tangent space is a linear isomorphism. Hence v = 0,

so £ € T.(O), and therefore [¢] = 0. Thus W, is injective.

Finally, dim N.(O) = g + dimo(q) = dim (Rq @ o(q)), so W, is an isomorphism. Since the
construction is smooth in e, the maps ¥, assemble to a smooth vector bundle isomorphism

. O

Definition 3.22. A local diffeomorphism ¢ : U — V with U,V C M open is called a foliated

transverse isometry if:
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(i) ¢ is foliated, i.e. it sends leaves of O|y to leaves of O|y. Equivalently, dy, (T,(0)) =

Tp(2)(O) for all z € U. In this case ¢ induces a well-defined linear map

(d)Y © Ny =To(M)/To(O) — Ny) = Tip(a) (M) /Ty (O),

(d)z ([v]) := [dips(v)]-

(ii) For every z € U, the induced map (dy)Y is an isometry for g¥. We write
ot ((d)2 (), (dp)y (v)) = g (w,v),  w,v € N

We summarize the naturality of the transverse orthonormal frame bundle, its lifted foliation,

and the forms 6 and w under foliated transverse isometries.

Lemma 3.23. Let 7 : OF(M,O) — M be the transverse orthogonal frame bundle, with lifted
foliation (5, transverse canonical form 0, transverse Levi—Civita connection VY on N, and

associated principal connection form w on OF(M,O). If ¢ : U =V is a foliated transverse

1sometry, then
OF(p): OF(M,0)|y =7 (U) = OF (M, O)|y =7 1(V),

defined by OF (p)(e) := (dgp)f(e) oe is a principal O(q)-bundle isomorphism such that m o
OF(p) = pom, and

OF(QO)*(elﬂ.—l(V)) = ¢9|ﬂ.—1(U)7
OF(Q0>*<W|7T—1(V)) = w’ﬂ—1(U),

AOF () (T(O)]s-1)) = T(O)]s11).

26



Proof. For each € U, the induced linear map (dp)Y: N, — N, is an isometry by

Definition [3.22[(ii). Thus, if e: R? — N, is an orthonormal frame, then
(dp)Y oe: R? — Ny

is again an orthonormal frame. Therefore OF () is well-defined.

It is O(q)-equivariant by construction because

OF (p)(e - A) = (dp)ze o (€0 A)

= ((dp)ziy o) 0 A

= OF(p)(e) - A.
Since ¢ is a local diffeomorphism, the same construction applies to ¢'; hence OF () is a

principal O(g)-bundle isomorphism.

Let e € OF(M,O)|y and € € T,OF (M, Q), and write x := m(e). Using m o OF (¢) = pom,
the definition of #, and the identity prg(z) odip, = (dp)Y o prlY (which clearly holds because

¢ is foliated), we compute
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since OF (¢)(e) = (dp)Y o e. Thus,

OF(QD)*(9|7T*1(V)) = 9|7T*1(U)~

Then we choose a Haefliger cocycle (s;: U; — T;). For each i, the lifted foliation O on 1)
is the foliation by fibres of the submersion s;: 7=(U;) — OF(T}). Since ¢ is foliated, after
shrinking if necessary, we may assume that for each ¢ there exists j and a local diffeomorphism

hjii SZ(Uﬂ Uz) — sj(V N U]) such that S;0p = hji os; on UNU;.

Because ¢ is a transverse isometry, each hj; is a local isometry between the Riemannian

manifolds (7}, g;) and (7}, g;). Then
gj o OF(QO) = OF(hﬂ) 9] gz on 7T_1(U N Ul)

Hence OF(yp) sends fibres of s; to fibres of §;, so it preserves the lifted foliation 0.

That is, the following diagram commutes:

Let w; and w; be the ordinary Levi-Civita connection forms on OF(T;) and OF(Tj). By

Proposition [3.20]

w|7r*1(Ui) = (5;) wi, W|W*1(Uj) = (gj)*wj'
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Since hj; is a local isometry, the naturality theorem applies to the Levi-Civita connection, as
we discussed earlier |7, Proposition 5.13]. Equivalently, on orthonormal frame bundles the

induced map preserves the Levi-Civita connection forms: OF(hj;)*w; = w;.

Therefore, on 71 (U N U;), it is easy to compute that

OF ()'w = OF(p)"(5;) w;
= (8:1)"OF (hji)"w;
= (8i)"wi

= W.

Hence

OF(@)*(w’ﬂ—l(V)> = w’ﬂ—l(U).
Since OF (¢) preserves O, we also have

AOF(¢)(T(O)]s-1)) = T(O)]s11.

3.2.2 Lifted groupoid action and invariance

We now use the global normal representation (Proposition [3.14)) to lift the action of G on M

to an action on the transverse orthonormal frame bundle 7 : OF (M, Q) — M.

Definition 3.24. Let A\ : G ~ N be the global normal representation on N = T'(M)/T(O).
For an arrow g € G with s(g) = x and t(g) = y, and for a frame ¢ € OF, := 7~ (x), define

g-e:=A\)Yoee OF,:=n""(y). This is well-defined since A is an isometry for g
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Equivalently, this defines a map G x,; OF(M,0) — OF(M,0), (g,e) — g - e, where
G xy OF(M,0) :={(g9,e) € G x OF(M,0) | s(g) =m(e)}.

Now we discuss the lifted groupoid action on OF.

Proposition 3.25. From Definition[3.24, there is a smooth left action of G on the principal
O(q)-bundle w : OF(M,0Q) — M. In particular, for all composable arrows g,h and all

frames e, we have h- (g -¢e) = (hg) -e and 1, - e = e, and the action commutes with the right

O(q)-action: g-(eA) = (g-e)A for A€ O(q).

Proof. Well-definedness is clear. Since each )\é\] : N, = N, is a linear isomorphism, )\;V oeis
a linear isomorphism R? — N,. Moreover, A is an isometry with respect to the metric g,

hence )\év o e is again an orthogonal frame, so g - e € OF,.

We now show that yu : G X3 OF (M, Q) — OF(M, O), where (g,e) — A oe, is smooth. Let
U,V C M be open sets and choose smooth local sections by : U — OF(M,O) and by : V —
OF (M, ©). They give local trivializations of the principal O(g)-bundle 7 : OF(M,O) — M
such that ¢y : U x O(q) — 7 YU), ty(x, A) = by(z) - A = by(z) o A, and similarly
Yy 1V x O(q) — 7 (V).

Consider the open set GY; :={g € G| s(g) € U, t(g) € V} C G. Defineamap L : G}; — O(q)
by L(g) := by (t(g))flo)\évobU (s(9)) € O(g). This is well defined because by (s(g)) and by (t(g))
are orthogonal frames and /\év is an isometry, hence the above composite is an orthogonal
linear map R? — R?. Moreover, by Proposition @, L is smooth since AN : G xy N = N

is smooth and by, by are smooth.

Now take g € G}; and write z := s(g). For A € O(q) we have

1(g,vu(x, A)) = AYo(by(z)oA) = (A oby(x))oA = (by(t(g))oL(g)) oA = ¥y (t(g), L(g)A).
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Therefore, in the local coordinates given by ¢y and vy, the action map is (g, (z, A)) —
(t(9), L(g)A), which is smooth. Since such trivializations cover M, it follows that p is smooth

globally.

The remaining claims follow from Proposition together with the definition of the right
actione- A=eoAon OF(M,QO). O

Lemma 3.26. Let G = M be a reqular Lie groupoid and let \N : G ~ N be the normal
representation. Suppose G acts on OF(M,O) — M by principal O(q)-bundle isomorphisms

over the action on M. This is to say there is a smooth map G Xy OF (M, 0) — OF (M, O),

(g,e) =g -e.

Assume that the induced action on the associated bundle OF (M, O) X o) R? = N equals AV

Then, for every arrow g : x — y and every frame e € OF, := 7w !(x), we have g- e = )\;V oe.

In particular, the action from Definition is the unique lift of A to an action on OF (M, O).

Proof. Let ® : OF(M,O) Xo(q) R? — N be the canonical identification. That is, ®([e, u]) =
e(u) € Nr(), where the equivalence relation is (eA, u) ~ (e, Au). For v € RY, by definition of
the induced action on the associated bundle we have g - [e,u] = [g - e, u]. Tt’s easy to check

that (g-e)(u) = A)'(e(u)). Since this holds for all u € R, it follows that g-e =AY oe. [

Following Lemma [3.26, we obtain the left action groupoid H := G x OF (M, 0) = OF (M, O)
with manifold of arrows H1 = G X OF (M, 0) = {(g,e) € GXOF(M,0O) | s(g) = m(e)}. We
have structure maps sy(g, e) = e and t3(g, e) = g-e. Composition is given by (h, g-€)o(g,e) =

(hg,e), units by ug(e) = (1x(), €), and inversion by (g,e)™" = (g7, g - e).

Proposition 3.27. Assume Hypothesis[3.2 and assume in addition that G = M is proper.
Then the action groupoid H := G x OF (M, Q) = OF (M, Q) is a proper Lie groupoid.
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Proof. We want to show that the anchor map (sy,ty) : H1 — OF(M,0) x OF(M,0O) is

proper.

Recall that H1 = G X OF(M,0) = {(9,¢) € G x OF(M,0) | s(g) = m(e)} and that

su(g,e) =e, ty(g,e) =g-e. Let p: Hi — G, p(g,e) = g be the projection.

Since H; = s*OF (M, O) as a pullback of the principal O(q)-bundle 7 : OF (M,O) — M, p

is a principal O(q)-bundle. Because O(q) is compact, p is proper.

Next, we have (7 x 7)o (sy,ty) = (s,t) op. For (g,e) € H, we have m(e) = s(g) by definition

of the fibre product, and also 7 (t(g,€)) = m(g - €) = t(g).

Since G is proper, (s,t) : G — M x M is proper. As p is proper, the composition (7 X 7) o

(s3,t1) = (s,t) op: Hy — M x M is proper.

Now let K C OF(M,0) x OF(M, O) be compact. Then (7 x 7)(K) C M x M is compact,

and hence ((m x 7)o (SH,tq.[))_l((ﬂ' x 7)(K)) is compact.

Since OF (M, O) x OF (M, ©) is Hausdorff, K is closed, so (s3,t3) (K) is a closed subset

of this compact set. Therefore (sy, 1)~ (K) is compact, and (s, t3) is proper. ]

Corollary 3.28. Under the hypotheses of Proposition the action groupoid H :=
G X OF(M,0) = OF (M, Q) is Hausdorff and proper. In particular, H admits a 2-metric.

Proof. Since G is Hausdorff and OF (M, O) is Hausdorff, the arrow manifold H; = G x
OF (M, Q) is a submanifold of the Hausdorff manifold G x OF (M, Q), hence Hausdorff.

Therefore ‘H is Hausdorff and proper.

By Theorem [2.11, every Hausdorff proper Lie groupoid admits a 2-metric, so H admits a

2-metric. O
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We next discuss bisections, the normal representation, and invariance of Molino’s theory.

Definition 3.29 (|12, Sec. 5.1|). Let G = M be a Lie groupoid. A local bisection is a smooth
map o : U — G defined on an open set U C M such that soo =idy and too : U — t(o(U))

is a diffeomorphism onto an open subset.

For a local bisection o : U — @, we write

form M U) = a7 (to(U)),  fole) :=o(n(e)) e,

for the induced principal O(g)-bundle isomorphism.

Next we study the local diffeomorphisms induced by local bisections. We first show that they
preserve the orbit foliation, and then identify their induced normal maps with the normal

representation.

Lemma 3.30. Let 0 : U — G be a local bisection of G and set p =too :U — V. Then
@ 1is orbit-preserving. For any x1,x9 € U in the same G-orbit, p(x1), p(xy) € V lie in the
same G-orbit. In particular, since o is a diffeomorphism, it maps each leaf of the orbit

foliation O in U diffeomorphically onto a leaf of O in V', and hence for all x € U we have
dp. (T2(0)) = Ty (O).

Proof. Let x € U, and let O, be the orbit through z. Since o is a local bisection, the arrow
o(x) € G has source s(o(x)) = x and target t(o(z)) = ¢(x). Hence x and ¢(x) lie in the

same orbit, so O,;) = O, and ¢ preserves orbits.

Now let L, denote the leaf of the orbit foliation O through =z, i.e., the connected component
of O, containing z. Since ¢ is a homeomorphism, ¢(L,) is connected and contains ¢(z),

and we already know ¢(L;) € Oy = Op. Then o(L;) C Ly, where Ly, is the
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connected component of O, containing ¢(z). Applying the same argument to ¢!, we obtain

© Y Lyy)) € Ly. Applying ¢ to this inclusion gives Ly C ¢(Ly).

Thus, p(Ls) = Ly), 50 ¢ sends leaves of O to leaves of O. Equivalently, ¢ is foliated for the

orbit foliation O. ]

Here we introduce a bridge lemma; our intention is to identify the induced map on the normal

bundle with the global normal representation.

Lemma 3.31. Let G = M be regular with orbit foliation O and normal bundle N =
T(M)/T(O). Let o : U — G be a local bisection and ¢ :=too :U — V. Then for every

x € U we have (dp)Y = )\ffv(x) : Ny = Ny

Proof. Let x € U and v € T,(M), and let X = do,(v) € T,(5)(G). Since s oo = idy, we have
dsg(x) (X) = .

Let O be the orbit through x. Under regularity, we identify N, = T,(M)/T,(O) = v,(O)
and similarly Ny () = V() (O). Recall from Proposition that AV is the orbitwise normal

representation, so Definition |3.8| gives )\fyv(x)([v]) = [dto(z)(X)].

But dt,)(X) = d(t o 0),(v) = dp,(v), hence )\ffv(x)([v]) = [dp.(v)]. By Lemma [3.30, ¢ is
foliated, so [dp.(v)] = (dp)N ([v]). O

Remark 3.32 (Clarification). For a non-étale Lie groupoid, an arrow g :  — y does not
determine a unique germ of a local diffeomorphism of M near x: different local bisections o
through g may yield different maps ¢ = t o 0. Lemma [3.31 shows that for any such local
bisection we have (dp)Y = )\év : N, = N,. So the induced normal map depends only on the

arrow ¢, not on the choice of local bisection.
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Proposition 3.33. Under Hypothesis the lifted foliation 6, the transverse canonical
form 6, and the transverse Levi—Civita connection form w are invariant under the local
diffeomorphisms of OF (M, Q) induced by local bisections of G. FExplicitly, for each local

bisection 0 : U — G with V = t(c(U)), the induced map
fra i (U) =77 H(V)
satisfies
P Oler) =y, F (@) =wlwy, @(TO)erwy) = T(O) w1 (v)-

Proof. Let 0 : U — G be a local bisection and let p :=too : U — V. By Lemma[3.30, ¢
preserves the orbit foliation. By Lemma [3.31, (dp)Y = Ai\’(x) on the normal bundles. By
Proposition the maps /\]gv are fibrewise isometries for g”V. Hence ¢ is a foliated transverse

isometry in the sense of Definition [3.22]

We compare the two induced maps on frames. For e € OF, with x = 7(e),

fle)=0(x) e =\, 0e=(dp); oe = OF(p)(e).

Hence f = OF(y), and the conclusion follows from Lemma [3.23] ]

We give the following brief discussion of a consequence of the transverse principal bundle

structure.

Proposition 3.34. Let (Q,F) be a foliated manifold, and let m : M — Q be a principal
O(q)-bundle. Assume that M carries a foliation F such that  : (]\/4\, F) = (Q,F) is a

transverse principal O(q)-bundle. Let Lg; be a leaf of F and let Lg :=n(Lg;). Then
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(i) The right O(q)-action sends leaves of F to leaves. Hence, the isotropy subgroup
O(Q)Lﬁ ={A€O0(q) | Ly - A= Ly} acts on Ly;.

(ii) The restricted map 7r|Lﬁ : Ly — Lg 18 a covering projection.

(iii) Consequently, L37/O(q)r can be identified with Lq.

Proof. (i) follows from |12, Def. 4.2.2(i)]: the right O(qg)-action preserves F, hence maps

leaves to leaves.
(ii) is |12} Def. 4.2.2(ii)].

For (iii), if # € Ly and A € O(q)r, then m(x - A) = w(z), so n[r_ factors through
L3:/0(q)r . Conversely, if z,2" € Lg; satisfy n(z) = m(2'), then 2’ = x - A for a unique
A € O(q). Since the right O(g)-action sends leaves to leaves and Ly; - A contains z’, we have

Ly A= Lz, s0 A€ 0(q)r_. Hence L3;/O(q)r_ can be identified with Lq. O

3.3 The basic Lie algebroid and the regular Molino’s

theory

3.3.1 Projectable transverse fields and the basic Lie algebroid

We next review projectable transverse vector fields and the associated structural Lie algebra.

We use them to describe the Lie foliation structure on the fibres.

Definition 3.35 (|12, Sec. 4.1.2]). Let (M, F) be a foliated manifold. Let X(F) C X(M)
be the Lie algebra of vector fields tangent to F. A vector field X € X(M) is projectable if
(X, Y] € X(F) for all Y € X(F). Let L(M,F) be the Lie algebra of projectable vector fields,
and let (M, F) := L(M,F)/X(F).
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Definition 3.36 (|12, Secs. 4.1.1-4.1.2]). Let (M, F) be a foliated manifold.

An automorphism of (M, F) is a diffeomorphism ¢ : M — M which preserves the foliation,
equivalently, do, (T, F) = Ty F for every o € M. The group of automorphisms is denoted

by Aut(M,F). The foliation F is called homogeneous if Aut(M, F) acts transitively on M.

If F has codimension ¢, then (M, F) is called transversely parallelizable if there exist transverse
vector fields Y1, ..., Y, € [(M,F) which form a global frame of the normal bundle N(F) =

TM/TF. Such a frame is called a transverse parallelism.

For a homogeneous foliation, let Xp.s(F) := {X € X(M) | X(f) =0 for all f € Q) (M,F)}.
For each x € M, put B, := {X, | X € Xpas(F)}, and let E := (J, ., Bz € TM. Since
F is homogeneous, F is an involutive subbundle of T'"M. The associated foliation Fi,.s,
characterized by T Fy.s = F, is called the basic foliation associated to F. Since T'F C T Fpas,

every leaf of F is contained in a leaf of Fy.s; the leaves of Fi.s are called the basic leaves.

Proposition 3.37 (cf. |12, Sec. 6.4, Lemma 6.9]). Let F be a transversely parallelizable
foliation of codimension r on a compact manifold X. Then W := X/Fpas is a smooth
Hausdorff manifold, my.s : X — W is a fibre bundle, and there exists a transitive Lie algebroid
A:=bX,F)— W such that I'(A) Z (X, F) as a C*(W)-module. Its anchor py : A —TW
is induced by the C°(W)-linear Lie algebra homomorphism o : (X, F) — U(X, Fras) =
X (W), and the resulting Lie algebroid A is independent, up to Lie algebroid isomorphism

over W, of the choice of transverse parallelism used to identify (X, F) with T(W x R").

Proof. 1. Geometry of basic fibre bundle.

First assume that X is connected. Because (X, F) is compact and transversely parallelizable,

by [12, Theorem 4.8|, it is homogeneous. Therefore |12, Theorem 4.3| applies, its basic
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foliation is simple and defines a smooth Hausdorff basic manifold W = X/F,s with a fibre
bundle 7 1 X — W.

Now choose a transverse parallelism Y3, ...,Y, € [(X, F) where r = codim F with represen-

tatives Y1,...,Y, € L(X, F).
2. [(X,F) is a free C°(W)-module of rank r.

Because Y1, ..., Y, form a global frame of the normal bundle N(F), every Y € [(X, F) can

be written uniquely as Y = Y7, a;Y; for a; € C*(X).

Now we want to show that the a; are basic. Let T" € X(F). Since Y and each Y; are

projectable, [T,Y] and [T,Y;] are tangent to F. Then,

Because the Y; are pointwise linearly independent in N(F), T'(a;) = 0 for all i. Therefore each
a; is basic, 80 a; = f; 0 Tpas for unique f; € C°(W). Thus Y = Yoy f;Y; with f; € C=(W).

3. Vector bundle identifications.

After choosing Yi,...,Y,, we define A := W x R". Let ey, ..., e, be the global frame of A4,

and we identify sections
53 fiei = Y fiY; € UX, F).
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4. Anchor map identification.

Define

0: (X, F) — UX, Foas) = X(W)

by projection along mpas as follows. By [12, Lemma 4.5], L(X,F) C L(X, Fias). If Y €
[(X,F) is represented by Y € L(X,F), then Y is projectable for Fy,s. Since the leaves
of Fras are the fibres of m,s : X — W, there is a unique vector field Yy € X(W) such

that dmpas(Yz) = (Y )m.(e) for every € X. Let o(Y) := Yy, using the identification
(X, Fras) = X(W).

We check that g is well-defined. If Y/ =Y + U with U € X(F), then U is tangent to Fy,s as

well, 80 dmpas(U) = 0. Hence Y and Y’ project to the same vector field on W.

Then we check that o is C°°(W)-linear and a Lie algebra homomorphism: For f € C°(W),
the section fY is represented by (f o m.s)Y . If Y projects to Yy, then (f o m.s)Y projects
to fYw, so o(fY) = fo(Y). If YY" € L(X,F) project to Yyy, Y}y, € X(W), then [Y,Y”]

projects to [Yiy, Yyy,]. Hence o([Y,Y"]) = [o(Y), o(Y")].
Under the identification I'(A) = (X, F), the map o therefore induces a bundle map

pAZA—>TVV,

which is the anchor.

5. Define bracket.
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We define the bracket on I'(A) by transporting the Lie bracket on [(X,F) through the

identification

©:T(A) = UX,F), > fiei— > iYL
=1 =1

Thus, for &,n € T'(A), we write [£,7]4 := &7 ([®(E), P(n)]).

Equivalently, if Y, Z € [(X, F) are represented by Y, Z € L(X,F), then [V, Z] := [Y, Z].

This is well defined: if Y/ =Y +U and Z' = Z+V with U,V € X(F), then [Y', Z'| - [Y, Z] =
U, Z) + [Y, V] + [U,V] € X(F). Skew-symmetry and the Jacobi identity follow from the

corresponding properties of the Lie bracket on (X, F).

It remains to verify the Leibniz rule. Let &, 7 € I'(A) correspond to Y, Z € (X, F), and let

feC=W). IfY,Z € L(X,F) represent Y, Z, then (f o mpas)Z represents f1. Hence

(€, fnla = @[V, (f 0 Toas) Z]).

Using the Leibniz rule for vector fields on X, we get

Y, (f 0 Thas) Z] = (f © Thas)[Y, Z] + Y (f 0 Thas) Z.

Since pa(€) = o(Y') is the vector field on W projected from Y, we have

Y (f 0 Thas) = (pa(§)f) © Thas.

Therefore

(€, fn]a = fI&mla+ pal§)(fn.
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Since p4 is induced by the C*°(W)-linear Lie algebra homomorphism ¢ : (X, F) — X(W),

the anchor preserves brackets. Hence (A, [, |4, pa) is a Lie algebroid over W.
6. A is transitive.
By definition, this means that the anchor is surjective at every point |12, Lemma 6.9].

Letw € Wandwv € T,W. Let x € X with mas(x) = w. Since s is a submersion, there exists
¢ € T, X such that dmp,s(¢) = v. Recall that we chose representatives Yi,...,Y, € L(X,F).
Then (Y7),, ..., (Y,). span a subspace complementary to T, F in T, X. Therefore, there exist

scalars aq, ..., a, € R such that

ai(Y1)s+--+a,(Y,), —Ce T, F.

Let Y :=a1Y1+---+a,Y,. ThenY € L(X,F). Since T, F C ker(dmpas)z, We get dmpas(Yy) =
dmas(¢) = v. Therefore the class Y € [(X, F) = T'(A) satisfies p4(Y)(w) = v. Since v was
arbitrary, pa., is surjective. Since w was arbitrary as well, p4 is surjective everywhere. So A

is transitive.

We also get an exact sequence

0 — kerpy — AL TW — 0.

This is the transitive basic Lie algebroid attached to (X, F).

7. A is independent of the transverse parallelism.
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Suppose Yi,...,Y, and Y/,..., Y/ are two transverse parallelisms of (X,F). They yield

r

identifications

O, 0 T(W xR — (X, F),
hence two Lie algebroid structures ([, |, p) and ([, ', p’) on W x R".

Let
T := (CID')’1 od: (W xR") —» I'(W x R").

Then for any sections &, 7,

T([&,n) = () '@ (@'([2(E), 2(n)]) = (®) " ([@(T€), ' (Tn)]) = [T€, Tn)"
Also,
p(TE) = o(P(TE)) = o(®(€)) = p(§).

Hence T preserves both the bracket and the anchor, so it is an isomorphism of Lie algebroids.
Therefore the Lie algebroid A is independent, up to isomorphism, of the chosen transverse

parallelism.
8. Disconnected case.

Let X =], X, be the decomposition into connected components and F, := F|x,. Applying
the discussion in the connected case to each (X,, Fy), we obtain Wy, Tpasa : Xo — W, and

a transitive Lie algebroid A, — W, such that I'(A,) = [(X,, Fa)-
Let W= ], Wa, Tbas := |, Tas,a : X = W, and A:=|], Ay = W.

Since all structures are defined componentwise, the anchor and bracket on A are obtained by

taking the disjoint union of the anchors and brackets on A,, so A is a transitive Lie algebroid
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over W. A section of A is a family of sections of A,, and likewise a transverse projectable
field on (X, F) is a family of transverse projectable fields on (X, F,). Hence I'(A) = (X, F)

as C°°(W)-modules. This proves the disconnected case. [

3.3.2 Structural Lie algebras on Molino fibres

Lemma 3.38. Let F be a transversely parallelizable foliation of a compact manifold X, let

Thas : X — W 1= X/Fras be the basic fibre bundle, and let A = b(X,F) — W be the basic
Lie algebroid. For w € W, write L, := m(w). Then restriction to the fibre L,, induces a

Lie algebra isomorphism

(kerpA)w = Z(Lw,F‘Lw),
and (L, F|L,) is a Lie foliation.
Proof. Let w € W and L, = m,.(w). By Proposition we have that A =b(X, F) - W

is a transitive Lie algebroid with I'(A) = I(X, F) as a C*°(W)-module, and its anchor py is
induced by the C°°(W)-linear Lie algebra homomorphism ¢ : [(X, F) — (X, Fras) = X(W).

Step 1: We want to rewrite the isotropy fibre as a quotient.
Let

Ly ={f € C®(W) | f(w) =0}, & :={Y €l(X,F)]o(Y)(w) =0}

Since I'(A) = I(X, F), the identification A,, = '(A)/L,I'(A) gives A, = (X, F)/L, (X, F).
Under this identification, pa. : A, — T,W is induced by Y ~ o(Y)(w). Therefore,
(ker pA)w = Ew/[w l(Xa f)
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Remark: At this point we want to discuss that &,/1,, [(X, F) carries the correct Lie algebra

structure.

1. I, I(X,F) Ct,: if f €, and Y € 1(X,F), then o(fY)(w) = f(w)o(Y)(w) = 0.

2. ¢, is a Lie subalgebra of [(X, F): let m,, := {Z € X(W) : Z,, = 0}. It is easy to show that
m,, is a Lie subalgebra of X(7W). Because o is a Lie algebra homomorphism, £, = ¢~'(m,,) is

a Lie subalgebra of [(X, F).

3. I,1(X,F) is an ideal in &,: by the Leibniz rule, if Y € €, and fZ € I, 1(X,F), then
Y. fZ] = fIV. Z] + (o(Y)f)Z € L, I(X, F), because (oY) f)(w) = dfu,(e(Y)(w)) = 0.

Step 2: We construct the restriction map to the fibre.

Let Y € ¢, choose a representative Y € L(X, F), and let Z := o(Y) € X(W). Since Y € &,,

we have Z,, = 0, so for every x € L,, we have
d?TbaS(Yx) = Zﬂbas(ﬂ«") = Zw =0.

Hence Y, € ker(dmyas), = T, Ly, s0 Y restricts to a vector field Y|, € X(Ly,).

To check that Y L. )- Choose a local extension X, €

L., let Xo € %(f

L, s projectable for F
X(F) near each point of L, with Xy|,, = X,. Since Y € L(X, F), we have [Y, Xo] € X(F),
hence also [)N(O,Y] € X(F). Thus for every x € L, [)?O,Y] () € ToF C TpFras = TpLay.
This implies that [)?0, Y|z, is a well-defined vector field on L,,. If f € C*°(L,,) and fis an

extension of f, then

(X0, Ylz,)(f) = [Xo, Y]()]1...
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We compute that

X0, Y(Hlr, = Xo(Y P, — Y (X)L,
= Xo((Y N)l1w) = Yew (Xo)|Lw)
— Xo(Y ]2 (F)) = Y1, (Xo())

= [Xo,YL,](f)

This is to say [Xo,Y|z,] = [Xo, Y|z, € X(F|L,), 50 Y1, € L(Ly, F|1,), and we may define

Resw(i_/) = Y|Lw € Z(Lw,f|Lw).

This is well defined: if Y is another representative of Y, then Y’ —Y € X(F), so (Y'=Y)|.,, €
X(F|L,), hence Y’|,, =Y., Itisa Lie algebra homomorphism because restriction commutes

with Lie brackets for vector fields tangent to L,,, so Res, ([Y, Z]) = [Res,(Y), Res,,(Z)].

Now let f € I, and let Y € I(X, F) be represented by Y € L(X,F). Since mpas|r,, = w and
fY € I,I(X,F) Ct,, we have

Resw(fY) = ((f 0 Mbas)Y) |z, = f(W)Y]1, = 0.

Therefore Res,, vanishes on I, [(X, F) and hence descends to a Lie algebra homomorphism

res,, : (ker pa)w — {(Luy, F|L.,)-

Step 3: It remains to prove that res, is an isomorphism.
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Let + € L,. Choose a transverse parallelism Yi,...,Y, on (X,F). Then [(X,F) is
a free C°°(W)-module with basis Y;,...,Y,, so the classes [Yi]w,...,[Ys]w in A, =
I(X,F)/1,1(X,F) form a basis of A,. Since (Y})s,...,(Y,), form a basis of N,(F),

evaluation at x defines a linear isomorphism
evy 1 Ay — No(F), Y] — Y.

This map is well defined because if 5 = fY € I,1(X,F), then for z € Ly, (f o mpas)(x) =
f(w) =0, so

Sy = ((f © Wbas)Y)w = 0.

Similarly, by [12, Theorem 4.9|, (L., F|z, ) is transversely parallelizable and all its basic
functions are constant, so the same argument as in the proof of |12, Theorem 4.24] shows

that the evaluation map
vl i l(Ly, Flr,) — No(Flr,), 2+ Zs,

is a linear isomorphism.

X

Under the isomorphism ev

, we claim that the anchor pa, : A, — T,,W corresponds to the

map induced by dmp,s on normal spaces, dmyas @ N (F) = T, W, [v] = dmpas(v).

Indeed, if Y € I(X,F) is represented by Y € L(X,F), then dmpas(Y) = 0(Y) o mpas, and

therefore dmp.s(Y,) = o(Y)(w) = pawn([Y]). Hence evX restricts to an isomorphism
(ker pa)y — ket (dMpas : No(F) = TuW) = TuLy/To(F) = No(Flr,),

since T, L,, = ker(dmpas). and T (F|r,) = Tu(F).
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Finally, for ¢ = [Y] € (ker p4)., we have

evy (resy (§)) = evy (Y], ) = Yo = evy (§).

This is saying that the following square commutes:

resqy

(ker pa)w ——=— (L, FlL,,)

X ~ ~
evy |(ker pA)wJ/: eV%J/:

Ny (Flr,) == No(Fl1.,)

Thus evkores, = evy | . Both maps are isomorphisms onto N, (F|L, ), S0 res,, is an

(ker pa)w

isomorphism. Since it is already a Lie algebra homomorphism, it is a Lie algebra isomorphism.
Step 4: We want to show that (L., F|z,) is a Lie foliation.

Since L,, = W]O_als(w) and X is compact, the fibre L, is compact. Since L, is a leaf of
Fhas, it is connected. By |12, Theorem 4.9], the foliated manifold (L,,, F|,) is transversely
parallelizable and its basic functions are constant. Hence |12, Theorem 4.24| implies that

L., Flr. ) is a Lie foliation. O
( Y w

Proposition 3.39. For every wy € W, there exists an open neighborhood U C W of wy and
sections o1, ...,05 € I'(U,ker pa), where s := rank(ker p4), such that, for every w € U, the

elements res, (o1 (w)), . .., resy,(os(w)) form a basis of I( Ly, F|rL,)-

Proof. Since A — W is transitive, p4 : A — TW is surjective at every point and has constant

rank dim W. Hence ker p4 C A is a smooth vector subbundle.

Shrink around wy and choose a smooth local frame o4, ..., 04 of ker p4|y. We can do this

because there is a vector bundle isomorphism ® : (ker p)|u = U x R®. Let €1,...,Es be the
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standard basis of R*. Using ®~!, these sections are given by
op(w) =0 (w,g,), p=1,...,s.

Each o, is smooth because ®~! is smooth.

Choose a transverse parallelism on (X, F), and let ey, ..., e, be the corresponding global
frame of A, where r = rank(A) = codim F. Let Y1,...,Y; € L(X,F) be projectable vector

fields representing ey, ..., e,, respectively.

On U, let

Define on 7L (U),

Y;:) = Z(Cpi © 7Tbas))/i'

i=1
We construct XN/p this way because the C*°(WW)-module structure on I'(A) = I(X,F) is
implemented upstairs by pullback along mp.s: f - Y < (f o Thas)Y. Because ¢p; o mas are
basic and Y; are foliate, each }7;) belongs to L(m(U), F). By construction, }7;, represents the

section o).

Since 0, € I'(U, ker p4), its anchor vanishes, so the projected vector field of }N/;, on U is zero.

Equivalently, dmp,s(Y,) = 0, so for each = € L,, we have
}N/p(:v) € ker(dmpas)e = Ty Liy-

Hence for each w € U, EN/p| L, is a vector field on L,,. Since lN/p is foliated for F, its restriction

is foliate for F|r,. This is similar to what we did in Lemma [3.38]
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By construction, res,(o,(w)) = Y,|.,. Because o1,..., 0, is a local frame of ker p4|y, the
vectors o (w),...,os(w) form a basis of (ker pa), for each w € U. Then, by Lemma |3.38,

the elements res, (o1(w)), ..., res,(os(w)) form a basis of (L., F|L,)- O

Remark 3.40. Consider the local triviality of the fibre bundle 7, after shrinking U if necessary.
We choose @ : ;L (U) 5 U x L, where L is diffeomorphic to the fibre over wy. Under ®, the
vector fields Yi, . . ., Y, become smooth vector fields tangent to the slices {w} x L. For each
w € U, their classes on the slice {w} x L form a basis of the corresponding structural Lie

algebra.

3.3.3 Molino’s structure theorem for regular Riemannian groupoids

Theorem 3.41 (Molino’s structure theorem for regular Riemannian groupoids). Let G = M
be o Hausdorff reqular Lie groupoid with M compact and connected, and let n® be a 2-
metric on G®. Let O be the orbit foliation, let N := TM/T(O), let q := rank N, and
let gV be the quotient metric on N induced by the 0-metric on M determined by n®. Let
7: OF(M,0) = M be the transverse orthonormal frame bundle of (N, g"), and let O be the

lifted foliation.

Then the orbit foliation (M, Q) is a Riemannian foliation. Moreover:

(i) The foliated manifold (OF(M, 0), (5) is transversely parallelizable.

(ii) There exists a smooth manifold B with a smooth right O(q)-action and an O(q)-
equivariant fibre bundle k : OF (M,O) — B whose fibres are the closures of the leaves
of 0.
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(iii) For each b € B, let Ly := k' (b). Then the restricted foliation 6|Lb is a Lie foliation
with dense holonomy group, and the Lie algebra l(Lb, @Lb) is independent of b € B up

to isomorphism.

If Tpas : OF (M, 0) — W is the basic fibre bundle of (OF(M,O), 6), and if A - W
denotes the associated basic Lie algebroid, then there is a unique diffeomorphism ® :
B — W such that Thas = Pok. Via @, we regard A as a transitive Lie algebroid over B,
and restriction to the fibre induces a Lie algebra isomorphism (ker pa)s = l(Lb, (5\Lb).

Hence the structural Lie algebra of (5|Lb is identified with (ker pa)p.

(iv) The normal representation AN : G ~ N lifts canonically to a smooth left action of G
on OF (M, Q) with moment map m, given by g-e = )\f}v oe, and this action commutes

with the right O(q)-action.

For every local bisection o : U — G with soo = idy and too : U — t(c(U)) a
diffeomorphism, the induced map f, : 7 Y(U) — 7 (t(c(V))), f,(e) :== a(n(e)) - e,
preserves (5, 0, and w. It sends each k-fibre contained in 7~ (U) onto a k-fibre, and
hence descends to a local O(q)-equivariant diffeomorphism f, of B. These descended
maps are compatible with products and inverses of local bisections on their common
domains; thus the local bisections of G define a pseudogroup of local O(q)-equivariant
diffeomorphisms of B, and, via the identification ® : B =W in (iii), a pseudogroup

of local diffeomorphisms of W.

For each b in the domain of f,, the restriction f,|r, : Ly — L @) ts a foliated
diffeomorphism. Hence it induces an isomorphism of structural Lie algebras, which,

under the identifications in (iii), gives an isomorphism (ker pa), — (ker PA) ()

The following discussion provides the remaining technical inputs for the proof.
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3.3.4 Descent and Maurer—Cartan forms

The following records a descent lemma that will be used later, after x is constructed, to push

bisection-induced maps down to the base B.

Lemma 3.42. Let k: OF(M,O) — B be a fibre bundle whose fibres are the closures of the
leaves of O, and assume that r: is proper. Let U,V C M be open and let f : 71 U) = 7 1(V)
be a diffeomorphism sending leaves of O to leaves. Let By = {b € B | k=1(b) C 7 (U},

By :={be B |k (b) C 7 (V)}. Then By and By are open.

For every b € By, there exists a unique b’ € By such that f(k™1(b)) = k= 1(V/). b+ b defines

a smooth diffeomorphism f : By — By satisfying ko f = f orx on k™ (By).

Proof. Since k is proper, it is a closed map. Hence By = B\ /{(OF(M, 0) \7T_1(U)) is open,

and similarly for By .

Let b € By and choose e € k71(b). Let L be the leaf of O through e. By definition of &,
L = rk7Y(b). Since b € By, we have k~1(b) C 7~1(U), and therefore L C L = k~1(b) C 7~ 1(U).
Hence f(L) is defined, and it is a leaf of O contained in (V).

Because x71(b) is compact and f : 7~ }(U) — 7 }(V) is a homeomorphism, the image
(k7)) is compact and therefore closed in OF (M, ©). Since L is dense in £~*(b), the leaf
f(L) is dense in f(k~'(b)). Hence f(L) = f(L) = f(k~'(b)). As f(L) is the leaf through
f(e), this gives f(k71(b)) = f(L) = x~1(V).

We want to show that ' is independent of the choice of e. Let ey, es € k71(D), and let L., be
the leaf of @ through e;. Then e; € L., = ~1(b). Applying f, we have f(e) € f(k (b)) =

k~H(b'), hence k(f(e2)) = k(f(e1)) = b'. So f(b) =V is well-defined and satisfies Ko f = for

on £~ 1(By). Bijectivity then follows by applying the same construction to f~!.
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Finally, f is smooth because k is a fibre bundle. For any b € By, choose a local section
s: W — OF(M,0) of k with b € W C By. Then on W we have f = ko f o s, hence f is

smooth. The same applies to f~'. ]

Lemma 3.43. Let 6 : U — G and 7 : V. — G be local bisections such that t(6(U)) C V.
For any local bisection o : W — G, let f, : 7 (W) — 71 (t(a(W))) be the induced map on

OF(M,0), and let By :={be€ B |x71(b) C x~1(W)}.

f, descends to a unique diffeomorphism f, : By — Byo(wy) such that ko f, = frok on

kY (Bw). Then:

(1) On 7= Y(U), frus = fr o fs5, where T %0 denotes the product bisection.
(2> On By, f_T*5 = ,f_T © f_6-

(3) For every b € By and every A € O(q), fs(b- A) = f5(b) - A.

Proof. (1) Let e € 7=}(U) and z = 7(e). Then

frisle) = (Tx0)(2) - e = (7(t(3(2))(x)) - e = 7(t(d(2))) - (8() - ) = f-(fs(e)),

where we used that 7(d(z) - e) = t(d(z)) and t(5(U)) C V.

(2) Since t(5(U)) C V, we have f5(By) C By, so f,o f5 is defined on By. For e € k~1(By) C
m1(U),

k(fres(e)) = k([ (fs(e))) = Fr(5(fs(e))) = f-(fs(r(e))) = (fr o f5) (k(e)).

By uniqueness in Lemma this yields fr.s = fr o f5 on By.
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(3) Since f5 is O(q)-equivariant and « is O(q)-equivariant, for e € x~1(b) we have

fs(b-A) = /-f(f(;(e . A)) = /i(f(;(e) . A) = /{(f(;(e)) - A= f5(b) - A

O

Lemma 3.44. Let X be a manifold, and letp : X — B, q : X — W be surjective submersions
onto Hausdorff manifolds. Assume that p and q have the same fibres. Then there exists a

unique diffeomorphism ¢ : B =+ W such that g=Pop.

Proof. Since ¢ is constant on the fibres of p, the quotient property of p gives a unique
continuous map ® : B — W with ¢ = ® o p. Similarly, there is a unique continuous map
U : W — B with p =W ogq. Then it is straightforward to check that (Vo ®)op =V oqg=p,

so W o ® = idg because p is surjective. Likewise, ® o ¥ = idy,. Thus ® is a homeomorphism.

To prove smoothness, let b € B. Since p is a submersion, there is a local section s : U — X
of p through b. On U, ®|y = qo s, so ® is smooth. The same argument applied to ¥ shows

that ®~! is smooth. Hence ® is a diffeomorphism. O

Definition 3.45 (|12, Sec. 4.3.1]). Recall that a g-valued 1-form 7 is a Maurer—Cartan form

if dn+ 3[n,n) = 0.

Remark 3.46 (|12, Theorem 4.24]). If (L, F) is transversely parallelizable on a compact
connected manifold and all basic functions on (L, F) are constant, then the evaluation maps

evy: (L, F) = N, (F) are isomorphisms, and the associated canonical Maurer—Cartan form

is (wite)x(§) = evy ' (pry (€)).

Lemma 3.47. Let (Ly, Fp) and (Ly, Fy) be transversely parallelizable foliations on compact

connected manifolds, and assume that all basic functions on (Ly, Fp) and (Ly, Fy) are constant.
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Let wiye € QY(Ly, Ly, F)) and wie € Q(Ly, I(Ly, Fy)) be the canonical Maurer—Cartan
forms. If 1 : (Ly, Fy) — (Ly, Fy) is a foliated diffeomorphism, then

(1) . induces a Lie algebra isomorphism ' : 1( Ly, Fp) = I(Ly, Fy), ¥'(Y) = .Y where

Y € L(Ly, F) is a projectable vector field representing Y € I(Ly, Fp).
(i) ¥*(wiic) = ¥ o whic:

Proof. (i) Since v is foliated, di) sends T'(Fp) into T'(Fy ), hence ), sends X(F) into X(Fy ).
Let Y € L(Ly, F) be projectable. For any X' € X(Fy), let X := (1), X" € X(F,). Then

[X/,¢*Y] = [%U*X, %U*Y] = ¢*[Xv Y] S 770*:{(]:1)) C :{(fb’)a

so .Y € L(Ly, Fy). Therefore 1, induces a map ¢': I(Ly, F) — I(Ly, Fiy) by passing to

the quotient, ¢/(Y) := v,Y.

It is a Lie algebra homomorphism because v, preserves Lie brackets. Its inverse is induced

by (¢¥71)., hence ¢ is a Lie algebra isomorphism.

(ii) Let N(Fp) := T(Ly)/T(Fp) and N(Fy) := T(Ly)/T(Fy) be the normal bundles, with
projections pr'¥: T(L,) — N(F3) and pr™¥': T(Ly) — N(Fy).

Since ¢ is foliated, di induces (di)Y: N,(Fp) — Ny (Fy) by (d)Y([v]) = [di(v)].
For x € Ly, let ev,: [(Ly, Fy) — No(F), Y ~— Y,, be the evaluation map, and similarly

eVy(z) for (Ly, Fy). Under our hypotheses, these are linear isomorphisms, and the canonical

Maurer-Cartan forms are (w0).(€) = evy ! (pr2 (€)), (whic) @) (¢) = ev;(lx) ((Pr™) () (Q))-

We claim that for all x € Ly,

EVy(z) © w/ = (dlb)iv O €Vy. (348)
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Take Y € I(Ly, F,) represented by a projectable Y. Then

V(@) (Y (V) = evy(a) (1Y) = (VY )yw)] = [da(Ye)] = (d); ([Yz]) = (dv); (eva(Y)),

which proves (3.48)). Since ev, and evy(,) are isomorphisms, it follows that evy, o (dp)N

Y oevy?

Now let ¢ € Ty(Ly). Because v is foliated, (pr¥') ) (dib.(€)) = (di)N (pr (€)). Therefore,

(" 6R1c)2 () = (@Rie)uie) (@ (©))
= vyl (0™ )y (A0 (€)))
= evyly ()Y (o) (€)))
=’ (ev; ' (P (9)))

=¥ ((Whc)=(6)),

which is ¥*(w¥io) = ¥ 0 Wc. O

Proposition 3.49. Let X be a compact manifold, let F be a transversely parallelizable foliation
on X, let Tpas : X — W = X/ Fpas be the basic fibre bundle, and let A :=b(X, F) — W be a

chosen representative of the basic Lie algebroid.

Then there exists a section wipe € T'((ker dmmpas)® @ miy(ker pa)) such that, for each fibre

o 1 ot Thas
L, = m(w), the restriction wy

;. corresponds, under the restriction isomorphism
w

resy : (ker pa)w — U(Lw, F|1,), to the Maurer—Cartan form of the Lie foliation (L, F|L,).

Proof. For x € X, let w := mpas(x). By the proof of Lemma [3.38, evaluation at = induces
a linear isomorphism evX : A, — N,(F), [Y] — Y., and, under this identification, the

anchor p4,, : Ay — T,,W corresponds to the map induced by dmp,s : N (F) — T, W. Using
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local frames of A coming from a transverse parallelism, these fibrewise maps assemble to a
smooth vector bundle isomorphism ev® : 77 A — N(F), which identifies 77, (ker p4) with

ker (dmmpas : N (F) = T (TW)).

Since T'(F) C ker dmp,s, the quotient map TX — N(F) = TX/T(F) restricts to
q : ker dmpas — ker (dmpas : N(F) = o (TW)).

Define

Thas

. X -1
wMC = (ev ﬂ—gas(kerpA)) oq.

So at x € X, if £ € ker(dmpas)s, then (wije).(§) € (kerpa),. Because ¢ is smooth and
ev™ |7f2§as(ker pa) 1S @ smooth vector bundle isomorphism, the composition is smooth. So we

have a smooth section of (ker dm,.s)* ® 7, (ker pa).

Now let w € W, write L,, = Wgals(w), and note that, since m, is constant on L,,, the pullback

coeflicient bundle restricts to the trivial bundle

Trl*;as(ker PA)|Lw = Lw X (ker PA)w,

hence wi&|L,, is a (ker pa),-valued 1-form on L.

For x € Ly, let eviw : [(L,, Flo,) — N.(F|L,) be the evaluation isomorphism. By

Lemma [3.38, (Ly, Flz,) is a Lie foliation and res, : (ker pa)y — [(Ly, Flz,) is a Lie

algebra isomorphism. Moreover, we have shown that evi» ores, = evy ‘ (ker pa)u”
w

For &€ € T, L, = ker(dmpas)., let € denote the class of ¢ in N,(F|.,) = TyLw/T,(F). Then,
by construction, ev ((wite).(€)) = ¢.(£), and under the identification ker (dmyas : Ny (F) —

xT

TwW) =~ N,(F|L,) this is & Hence evyv (resy ((wye)z(£))) = 3
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Since eviv is an isomorphism, it follows that

res, ((Wit)«(8)) = (evy*) ™' ().

This is the formula for the Maurer-Cartan form of the Lie foliation (L., F|z,). Hence

Thas

Whic

; corresponds, under res,, to that Maurer-Cartan form. n
w

Remark 3.50. We want to emphasize what Proposition [3.49] says conceptually.

A priori, each fibre L,, carries its own Maurer—Cartan form, valued in the structural Lie algebra
identified with (ker p4),; these are separate pieces of data on separate fibres. Proposition
says that the fibrewise Lie foliations are not isolated. Their Maurer—Cartan forms fit together

Thas

into one global object wy;&, and the coefficient bundle of that global object is the pullback

7Tl?;as (ker PA) :

With everything we have discussed, we now give a proof of the main theorem.

Proof of Theorem|[3.41. By Proposition , the given 2-metric n® induces a 0-metric ()
on M. Let g™ :=n©. By Proposition the orbitwise normal maps assemble to a smooth
normal representation AN : G ~ N. By Proposition , this representation acts by fibrewise
isometries for the induced metric g on N. Finally, Proposition @ shows that (M, O) is a

compact connected Riemannian foliation.

(i) Definitions [3.15, [3.17, and |3.19 produce the transverse orthonormal frame bundle 7 :

OF(M,0) — M, the lifted foliation 6, the transverse canonical form 6, the transverse
Levi-Civita connection V¥ on N, and the associated principal connection form w. Propo-
sition [3.20 shows that w is well-defined and projectable, and Lemma |3.21 yields the vector

bundle isomorphism N(O) = OF (M, O) x (R?@0(q)). Hence (OF (M, O), O) is transversely

parallelizable.

57



(ii) Apply Theorem [2.4| to the compact connected Riemannian foliation (M, ©). This yields a
smooth manifold B with a smooth right O(g)-action and an O(g)-equivariant fibre bundle
k: OF(M,©) — B whose fibres are the closures of the leaves of O.

(iii) Let X := OF(M,0), F := O. Since 7 : X — M is a principal O(q)-bundle with
compact base M and compact fibre O(q), the total space X is compact. By part (i), (X, F) is

transversely parallelizable. Therefore Proposition [3.37 yields a transitive basic Lie algebroid
A=bX,F) =W :=X/Fras-

By [12, Corollary 4.25], the leaves of JFi,,s are the closures of the leaves of F. Hence k : X — B
and s : X — W have the same fibres. By Lemma [3.44] there is a unique diffeomorphism

@:Bi)WsuChthatﬂbaS:(I)om

X
/ N
B @ > W

Using this diffeomorphism, we regard A as a transitive Lie algebroid over B. For each b € B,
let Ly := £~ '(b). By Theorem (iii), the restricted foliation O|y, is a Lie foliation with
dense holonomy group, and its structural Lie algebra is independent of b up to isomorphism.

The additional identification with the isotropy Lie algebra of the basic Lie algebroid comes

from Lemma |3.38, which gives a Lie algebra isomorphism (ker p4)s = l(Lb, O ] Lb)'

(iv) By Proposition the normal representation A\ : G ~ N is smooth, and by Proposi-
tion it acts by fibrewise isometries for g". Definition and Proposition therefore
give the smooth left action of G on OF (M, ©) with moment map 7, g-e = )\év o e, and show

that this action commutes with the right O(g)-action. Its canonical character follows from

Lemma [3.26]
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Let o : U — G be a local bisection in the sense of Definition and set V :=t(c(U)). For
the induced map f, : 7~ 1(U) = 7 4(V), f,(e) := o(n(e)) - e, Proposition [3.33 shows that f,

preserves O, 0, and w.

Since M and O(q) are compact, the principal O(q)-bundle OF (M, O) — M has compact
total space. By (ii), B is a manifold; hence x : OF (M, Q) — B is proper. Let By :={b € B |
Ly=r"Yb) Ca(U)} and By :={b€ B| L, = x~*(b) C 7 1(V)}. Applying Lemma[3.42
to f, gives a unique diffeomorphism f, : By — By such that ko f, = f, o x on k™ *(By);

equivalently, fy(Ly) = Ly, ) for every b € By.

The O(q)-equivariance of f, follows from Lemma m(ii) The compatibility with products of
local bisections follows from Lemma [3.43(1)—~(2), and inverse local bisections give the inverse
maps. Thus the local bisections of G define the stated pseudogroup of local O(q)-equivariant
diffeomorphisms of B. Via the diffeomorphism ¢ : B =5 W from (iii), this gives the

corresponding pseudogroup of local diffeomorphisms of W.

For b € By, let f,4 == fo|r, : Ls — L, ). The preceding paragraph shows that f,; is a

diffeomorphism, and since f, preserves 6, it is a foliated diffeomorphism from (L, O |L,) to

(Lt b OlL ). By Lemma 3.47(i), it induces an isomorphism of structural Lie algebras

(fon)s = U(Ls, 6|Lb) — I(Lg, 1) (5‘[’,’}(17))' Composing this isomorphism with the restriction

isomorphisms of Lemma [3.38| gives o, 1= res);l(b) o(fop)soresy 1 (ker pa)y — (kerpa)z ). O

As we just discussed at the very end of the proof of Theorem [3.41, we identify the Molino
base B with the basic base W and then identify the structural Lie algebra of the fibrewise
foliation with the isotropy Lie algebra of the basic Lie algebroid: (ker pa), = I(Ls, 6| L,)- So
what A does for us is that it packages the whole Molino picture into a single object. The
anchor p,4 records infinitesimal motion along the Molino base B = W. The isotropy bundle

ker p records the fibrewise structural Lie algebras. And from Proposition [3.49] the pullback
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of ker p4 to the total space is the bundle in which the fibrewise Maurer—Cartan forms live

globally.
A globalizes the family of structural Lie algebras of the Molino fibres.

Without A, we only know that each fibre L; carries a Lie foliation with its structural Lie
algebra. With A, those fibrewise Lie algebras are assembled into a smooth vector bundle of

Lie algebras ker py C A sitting inside one transitive Lie algebroid over the base.

3.4 The Lie algebroid of G and infinitesimal transverse

isotropy

3.4.1 Construction of Ag = Lie(G)

We introduce another Lie algebroid into the picture,
Ag := Lie(G) — M,

which is the Lie algebroid attached to the Lie groupoid G = M. This should be distinguished

from the basic Lie algebroid A = b(OF (M, 0), (9) — B. The beginning of our construction

mirrors [12, Prop. 6.1], and later we will adapt it to our setting.

For each x € M, the source fibre s7!(z) C G is the manifold of arrows whose source is x, and

its distinguished point is the unit arrow 1, € G. The fibre of the Lie algebroid at z is

(Ac)e = T1, (s H(x)) = ker(ds)y, .
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See |2, Def. 1.19]|. So an element of (Ag), is an infinitesimal arrow leaving x. Equivalently,
Ag is the pullback of the source-vertical bundle ker(ds) C T'G along the unit map u : M — G,

u(x) = 1,.

Let
T°G = ker(ds) C TG.

Proposition 3.51 (cf. |12, Prop. 6.1]). Let X3

5 (G) be the space of right-invariant source-

vertical vector fields on G,

X, (G) ={X € X(G) | X, € ker(ds), Vge G, Xp,=dR,X) V(h,g) composable}.

mv

Then:

(i) X (G) is a Lie subalgebra of X(QG).

mv

(ii) Restriction to the units identifies X3, (G) with I'(Ag).

mv

Proof. For (i), let X,Y € X} (G). Since X and Y are tangent to the fibres of the submersion

mv

s, their bracket is tangent to the fibres as well. Hence [X, Y] is source-vertical.

It remains to check right invariance. Let ¢ : © — y. Then right multiplication by g is the
diffeomorphism

R, s Hy) = s Ha), h +— hg.

Because X and Y are right-invariant, their restrictions to s*(y) are Rj-related to their
restrictions to s7(z). Since R, is a diffeomorphism, it preserves Lie brackets of related vector

fields. Therefore [X,Y] is Ry-related to itself, that is,

[Xv Y]hg = dRQ([X7 Y]h)
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whenever (h, g) is composable. So [X,Y] € X}

mv

(G).

For (ii), a right-invariant source-vertical field is determined by its values at the units, because
9= 1t(g)g = Xg = ng<X1t(g))'

Now X, € ker(ds);, = (Ag)z, so x — X defines a smooth section of Ag — M. This gives
a map
xs

mv

(G) = T'(Ag).

Conversely, if a € T'(Ag), define its right-invariant extension by

(a")g := dRy(ay)), gegq.

This is well defined because ay(g) € (Ag)i(g) = Th,,, (s~ (t(g))), and

Ry :s7H(t(g)) = s~ (s(9))-

By construction, a” is source-vertical and right-invariant. Restriction to the units and

right-invariant extension are inverse operations. Hence X (G) =2 T'(Ag). O

Remark 3.52 (|2, Def. 1.23]). Under the identification I'(Ag) = X3

mv

(@), the bracket on I'(Ag)

is induced from the Lie bracket of vector fields on G. The anchor is
pAG ZAGv—>TM, pAG :dtlAG'

Equivalently, if a € I'(Ag) and a” € X,

s «(G) is its right-invariant extension, then

dt(a") = pag(a) ot
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So this is the Lie algebroid attached to the Lie groupoid G = M.

3.4.2 Bracket, anchor, and Leibniz rule for Ag

We now record explicitly the Lie algebroid structure on Ag.

Proposition 3.53 (|2, Def. 1.21, Def. 1.23, Prop. 1.24]). Under the identification I'(Ag) =
xs

5 (G), the bracket on T'(Ag) is induced from the Lie bracket of right-invariant source-vertical

vector fields. More precisely, if a,b € T'(Ag) with right-invariant extensions a”,b", then

[a,b]” = [a",b"].

The anchor is induced by the derivative of the target map:

pc:Ag = TM,  pc(§) = di(§).

FEquivalently, if a € I'(Ag) and a” is its right-invariant extension, then a” is t-projectable to

pa(a), that is, dt(a”) = pg(a) o t.

Moreover, for a,b € I'(Ag) and f € C*(M), the Leibniz rule is

[aa fb] = f[av b] + pg(a)(f)b

Proof. The bracket part is immediate from the preceding discussion: since right-invariant
source-vertical vector fields form a Lie algebra and restriction to the units identifies X3 (G)
with I'(Ag), the space I'(A¢) inherits a bracket. If a,b € T'(Ag) with right-invariant extensions

a”,b", then

[a,b]” = [a",b"].
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For the anchor, define pg : A — TM by pg(&) = dt(§). Take X € X

mv

(G),and let g : © — y.

Since g = 1,9, we have X, = dR,(X;,). We then compute

dt(X,) = dt(dRy(X,,)) = d(t o Ry)(Xy,)

= dt(Xy,),

because for any h € s7(y), t(R,(h)) = t(hg) = t(h). We note that the right-hand side only
depends on y = t(g). Therefore X is ¢-projectable. If we define Y € X(M) by Y), := dt(X,,),
then dt(X,) = Yy for all g € G.

Now let a € I'(Ag) and let a” be its right-invariant extension. By construction, (a");, = a,
for all x € M, so the vector field Y above is exactly pg(a). Hence a” is t-projectable to pa(a),

that is,

dt(a") = pa(a) o t.

Next we discuss the Leibniz rule. Let a,b € I'(Ag) and f € C*°(M). We compute

[a, fb]" = [a, (fb)"]
=la", (fot)b"] since (fb)" = (f ot)b"
= (fot)a", 0" +a"(fot)b"
= (fot)la", b+ (pa(a)(f) o £)b"  because a” projects to pa(a)

= (fla,0])" + (pa(a)(f)b)"-

Since the right-invariant extension map is injective, we conclude

[a, fO] = fla,b] + pa(a)(f)b.

64



]

Remark 3.54. Fibrewise, pg o @ (Ag)s = ker(ds)y, — T, M is the map pg o = dty, [xer(ds),, - S0
an element of (Ag), is an infinitesimal arrow starting at =, and the anchor tells us how the

target endpoint moves to first order.

Also, since a” and 0" are t-related to pg(a) and pg(b), the anchor is automatically a Lie

algebra homomorphism:

pala; b)) = [pc(a), pa(D)].

At this point we have the full Lie algebroid structure attached to the groupoid: (Ag). =

ker(ds)1,, pc = dt|a., with bracket induced from right-invariant source-vertical vector fields.

3.4.3 How A; recovers the orbit foliation

We now explain how Ag = Lie(G) recovers the orbit foliation O. After we discuss the basic

constructions, this is the starting place where Ag begins to explain Molino theory.

Proposition 3.55. Let G == M be a regular Lie groupoid, let Ag = Lie(G) — M be its Lie
algebroid, and let pg : Ag — TM be the anchor. For each x € M, let O, be the orbit through

x and let G, := s (x) Nt~Y(x) be the isotropy group at x. Then

Im(pg.) = T:(0;) and (ker pg). = Lie(G,).

Consequently,

and there is a short exact sequence of vector bundles

0 — ker pg — Ag 2% T(0) — 0.
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Proof. We first show that the anchor recovers the orbit directions. Let z € M. By Lemma/3.7,
the restriction

by = tls-100) 1 s (z) = O

is a surjective submersion. Differentiating at the unit 1,, and using (Ag). = T4, (3—1($)> _
ker(ds)lw, we get
d(t:)1, : (Ag)e = To(Oy).

But d(t;)1, = dti, |xer(ds),, = PG,z since t, is the restriction of ¢. Hence Im(pg ) = T5(O,).

So fibrewise we have the picture that Im(pe ) = 13(O,). Since G is regular, the orbit foliation

O has constant rank, so these spaces fit together into the tangent bundle 7(O) C T'M. Thus

Im(pq) = T(O).

Next we compute the isotropy of Ag. The isotropy group at z is G, = s~ !(z) Nt~ (x). Its

tangent space at the unit is

T,G, =T, (s x) Nt (z)) = ker(ds)1, Nker(dt),, .

But (Ag), = ker(ds);, and pg = dt1, |ker(as),, - Hence

x

(ker pg), = ker(ds),, Nker(dt),, = T1,G, = Lie(G,).

Since Im(pg) = T(O) is a vector subbundle of T'M, the anchor has constant rank. Therefore

we obtain the exact sequence

0 — ker po — Ag 2% T(O) — 0.
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Remark 3.56. So Ag infinitesimally generates the orbit foliation. At the same time, its
isotropy is exactly the bundle of isotropy Lie algebras. In this sense, Ay is the foliation

together with the bundle of isotropy Lie algebras.

This is the first place where Lie(G) starts to explain Molino theory.

3.4.4 The isotropy of A; on transverse directions

Recall the discussion from Lemma through Proposition We observe that the normal
representation is built from ds and dt, which are exactly the maps that define A = Lie(G).
Molino theory is about transverse geometry, and the transverse geometry of the orbit foliation
is already encoded infinitesimally in the source/target differentials. The Lie algebroid Ag
controls the infinitesimal motion tangent to the orbits, while the normal representation A

controls how arrows act on directions transverse to the orbits.

Proposition 3.57. For each v € M, let G, = s™'(z) Nt~ (x) be the isotropy group at x.

Then the isotropy representation
AY Gy — O(Nygh), gAY,
differentiates to a Lie algebra representation
d\Y : (ker pg), = Lie(G,) — so(N,, g>).

In particular, the isotropy part of Ag acts infinitesimally on the transverse directions.
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Proof. If g € G, then )\;V : N, = N,. So each isotropy group G, acts linearly on the
normal space N,. By Proposition this action is orthogonal for g%, so we get a Lie group
homomorphism

)\i\f : Gm — O(Nzagiv)

Take ¢ € Lie(G,) = T1,G, = (ker pg).. Choose a smooth curve ¢(t) € G, with g(0) = 1,
and ¢'(0) = £. Define

d\Y (&) (v) = a4 M),  veN,.

Since differentiation of a Lie group homomorphism is a Lie algebra homomorphism, dA\Y is a

Lie algebra representation on N,.

N

o(t) 18 orthogonal, for any v, w € N, we have

Since every A
gi\[()\é\gt)va A;\Et)w) = giV(U?w>
Differentiate at t = 0 to get

t=0

So dAN (€) is skew-adjoint relative to gY¥. Hence dA\Y (€) € s0(N,, gY). O

Remark 3.58. What we can say here is that the isotropy part of Ag does not just sit abstractly

in the kernel of the anchor; it acts infinitesimally on the transverse directions.

Remark 3.59. Compare this with the basic Lie algebroid A — W coming from the lifted

foliation, or equivalently with the corresponding Lie algebroid over B after identifying B = W.
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There we had

0 —>kerpy — AL TW — 0,

and here we have

0 — ker po — Ag 2% T(0) — 0.

So pg gives the leaf/orbit directions on M, while p4 gives directions on the closure base
W. The isotropy (ker pg), = Lie(G,) is the pointwise isotropy Lie algebra of the original
groupoid, while (ker p4)., equivalently (ker p4), after identifying B = W, is the structural
Lie algebra of the Lie foliation on the closure fibre L.

This is an important distinction, and let me put it more directly. Ag = Lie(G) — M is

the infinitesimal symmetry before taking closures, while A = b(OF (M,0), O) — B is the

infinitesimal symmetry after passing to the Molino closure picture.

So Ag — M explains why Molino’s theory starts the way it does, and A — B is the Lie

algebroid that Molino’s theory produces.

Remark 3.60. This also fits the usual Lie group/Lie algebra picture. For a Lie group H,
the Lie algebra is Lie(H) = T.H, and left- or right-invariant vector fields identify global

infinitesimal symmetries with tangent vectors at the identity.

For a Lie groupoid G = M, there is no single identity, but there is one unit 1, for each

x € M. So the infinitesimal object is no longer one vector space; it is a vector bundle

x— T1 (s (x)).

This explains why Lie algebroids are vector bundles over the same base as the groupoid.
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The bracket plays the role of the differentiated multiplication law: it is obtained from the
Lie bracket of right-invariant source-vertical vector fields. The target map ¢t : G — M tells
us where an arrow ends, so differentiating ¢ along the source-vertical directions at the units

gives the anchor

pc = dt‘ker(ds)-
The Leibniz rule is the compatibility condition we computed earlier in this section.

If ®: H — G is a homomorphism of Lie groupoids, then differentiating at the units gives a
morphism of Lie algebroids

Lie(®) : Lie(H) — Lie(G).

So there is a differentiation process

Lie groupoids — Lie algebroids,

which is to say that a Lie algebroid is the infinitesimal part of a Lie groupoid |2, Ex. 28].
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Chapter 4

Corollaries of Molino’s theory

4.1 Compact-group equivariant case

We discuss a Gcp-equivariant Molino structure theorem. The reason we elaborate on compact-
group equivariance is that it provides a toy model for the lifting and descent constructions

used later in the proofs of our corollaries.

We first average the transverse metric and then analyze the lifted action on the transverse

orthonormal frame bundle.

Let (M, F) be a smooth foliated manifold of codimension ¢. From [12, Sec. 2.2|, a transverse
metric on (M, F) is a positive C°°(M)-bilinear form g on X(M) such that ker(g,) = T, F for

any r € M, and Lxg = 0 for any vector field X on M tangent to F.

Remark 4.1. By |12, Remark 2.4], the condition ker(g,) = T,F means that g is the pull-back

of a Riemannian structure on the normal bundle N(F) = TM/T(F) along the quotient map
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TM — N(F). We will use this identification and denote again by ¢ the induced fibre metric
on N(F).

Let Gepy be a compact Lie group acting smoothly on (M, F) by foliated diffeomorphisms.
Thus, for each a € Gepy,

(da)w(Tm}") =TooF, x € M,

and hence (da), induces linear isomorphisms on the normal fibres
(da) : No(F) = Noo(F).

Lemma 4.2. Let p be the normalized Haar measure on Gepy. Define gay := chpt a*gdu(a).

That is, for X, Y € X(M) and x € M,

g (X, Y (x) = / (a*9)(X.Y)(x) dpu(a).

cht

Then g.y is a transverse metric on (M, F) and it is Gepy-invariant. Under the identification

of Remark the induced fibre metric on N(F) is given pointwise by

(o) = [

goo ()} (), (d0)Y (V) dpla), v, € No().
Gept

Moreover, there exists a smooth Gp-invariant Riemannian metric p on M which is bundle-like
with respect to F and whose associated transverse metric in the sense of |12, Remark 2.7(7)]

equals Gay -

Proof. Step 1: Set up.
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For X, Y € X(M), the map (a,z) — (a*¢)(X,Y)(z) is smooth on Gep x M. Since Gepy is
compact, the Haar integral defines a smooth function g.,(X,Y) € C*(M). Clearly, symmetry,

bilinearity, and nonnegativity are preserved by integration.

Let . € M. If £ € T, F, then (da),§ € TyoF = ker(gq..) for all @ € Gept, hence (a*g). (&, —) =
0 for all a, and therefore (gay).(§,—) = 0. Thus T, F C ker((gay).). Conversely, if & €

ker((gav)fv)? then (g&V)$(§7§) = 07 S0

o~/ (0.8, (d0).) o).

Step 2: g., is a transverse metric.

The integrand is a continuous nonnegative function of a € Gy, hence must vanish identically.

Taking a = 1¢.,, gives g,(£,&) =0, so £ € ker(g,) = T, F. Therefore ker((gay)s) = ToF.

For the Lie derivative condition, let X € X(F). Using the naturality of Lie derivatives under
pullback, Lx(a*g) = a*(La,xg). Since the action is foliated, a,X € X(F), and since g is

transverse, Ly, xg = 0. Hence Lx(a*g) = 0 for all a € Gy, and therefore

Lxgay = / Lx(a"g)du(a) = 0.
cht

Thus ¢,y is a transverse metric on (M, F).
Step 3: Averaged metric on the normal bundle.

Under the identification of Remark if v = [v] and v/ = [v/] in N, (F), we compute

(a"9)o(v,0) = ga ((da); (v), (da); (V"))
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Integrating over G, gives the desired formula for (ga.y).(v, 7).

We check that g,y is Gcp-invariant. To do so, let b € G Using right-invariance of the Haar

measure, we compute

Vow= [ V@odua) = [ @) gdue)= [ agdu(a) = .

cht

Step 4: Construct an invariant Riemannian metric.

For the last part of the lemma, we choose an arbitrary Riemannian metric ny on M and average
it over G, as in the proof of |12, Prop. 2.8, to obtain a G p-invariant Riemannian metric
n. Let H := T(F)t" C TM. Since a,(T(F)) = T(F) and a*n = n for every a € Gy, the

subbundle H is G p-invariant. Let pr : TM — N(F) be the quotient map. The restriction
pr|y: H — N(F)

is a vector bundle isomorphism. Define a Riemannian metric p on TM = T(F) & H by

declaring this decomposition p-orthogonal and setting

plrr = nlr),  ple = (0r|g) gav-

The metric p is smooth. It is Gepe-invariant because 1|z is Gepi-invariant, H is Gepi-
invariant, and pr |y is Gept-equivariant while g,y is Gepe-invariant on N(F). Finally, the
associated transverse metric of p is ga,: if X,Y € X(M) and X™ Y™ denote their p-normal
components, then

gP<X7 Y) = p(X(n)ay(n)) = gaV<X7 Y)?
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because T'(F)+» = H and p|y is the pullback of g,, along pr|y. Since g., is a transverse

metric, p is bundle-like with respect to F. O

Replacing g by ¢ay, we will assume that a*g = g for all @ € G¢p. For all x € M, the induced
map

(da)) : (No(F), 92) = (Naw(F), Gaz)
is an isometry.

We recall that, following [12, Example 4.19], F'(M, F) denotes the transverse frame bundle
of N(F). A point of F,(M,F) is a lincar isomorphism e : R? = N,(F), and the right
GL(q,R)-action is given by composition eA = e o A. The transverse orthonormal frame

bundle OF (M, F) C F(M, F) is the subbundle consisting of the orthogonal isomorphisms.

Lemma 4.3. Let 7w : F(M,F) — M be the projection. For a € Gep define
a:F(M,F)— F(M,F), a(e) == (da)N, oe,

where e : RT — Ny (F). Then a — a defines a smooth left Gep-action on F(M,F) by

principal GL(q, R)-bundle isomorphisms.

If a*g = g for all a € Gy, then each (da)l is an isometry of (N,(F), g.), hence a preserves
OF (M, F) and restricts to

a:OF(M,F)— OF(M,F), a(e) == (da)fy(e)oe.
The resulting Gept-action on OF (M, F) commutes with the right O(q)-action.

Proof. Step 1: (da)Y exists.
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Let a,b € Gop and e € F(M, F), and write = := m(e). Since the action is foliated, each (da),

maps T, F to T,.F, so it induces a linear isomorphism (da)Y : N (F) — Ny (F).
Step 2: Smoothness.

Because Gy X M — M is smooth, the induced map (a, ) — (da)Y is smooth, and hence

so is (a,e) — afe) = (da)ﬂN(e) oe.

Step 3: Left action and principal G L(g, R)-equivariance.

Moreover,

~ ~ —~—

ab(e) = (d(ab)); o e = (da)y, o (db)y o e =a(ble)),  leg.(e) =e,
so a — a is a left Gpe-action on F'(M,F). Also,

mw(a(e)) = a- w(e).

By [12, Example 4.19], the right GL(q, R)-action is given by composition eA = e o A. Hence
for any A € GL(¢q,R),

a(eA) = (da)f:[(e) oeoA=ale)A.
Thus each a is a principal GL(gq, R)-bundle isomorphism, with inverse a1,

Step 4: The action preserves orthonormal frames.

Assume a*g = g. Then for all z € M, (da)Y is a fibrewise isometry of (N (F), g). Therefore,

if e : R — N,(F) is an orthogonal isomorphism, then

(da)i,v oe:RY— Ny, (F)

76



is again an orthogonal isomorphism, so a preserves OF (M, F) and defines a.

Finally, for A € O(q),
a(eA) = (da), oeo A=a(e)A,

so the left Gpi-action commutes with the right O(q)-action. O

For the next two lemmas, it is convenient to work first on the transverse frame bundle

F(M,F). Recall the notation from Theorem [3.41. Let 67 € QY(F(M,F),R?) be the

transverse canonical form. This is defined by 6%'(¢) := ™ ((dm).(€)) for all e : RY — Ny(o)(F)
and & € T.F (M, F).

Its restriction to OF (M, F) is the transverse canonical form 6 :=

tion A7

9F|OF(M ) used in Proposi-

Lemma 4.4. For each a € Gy, the lift a : F(M,F) — F(M,F) satisfies a*0" = 6. In
particular, a*0 = 0 on OF (M, F).

Proof. Let a € Gep, € € F(M,F), and £ € T.F (M, F), and write x := w(e). For v € T, M,
write U € N, (F) =T,M/T,F for its class in the normal fibre.

Since mo @ = a o, differentiating at e gives (dm)a(e) ((da)(&)) = (da), ((dm)e(€)) € TouM.

Projecting to the normal bundle and using that a preserves F, we obtain

(d7)ae) ((da)e(€)) = (da)y ((dm)e(€)) € NawlF).
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Therefore,

= ((da)) 0 )" ((da)? ({dm).()) )
= e ' ((dm)e(¢))
=0, (€).
Hence a*0" = 6. Restricting to OF (M, F) gives a*0 = 6. O

Let V™ be the metric connection on N (F) determined by g, and let w € QYOF (M, F), 0(q))

be the associated principal O(g)-connection form on OF (M, F).

Recall that we had a similar discussion earlier in Proposition [3.20. We choose a Haefliger
cocycle (s; : Uy — RY) so that g|y, = sfg; for a Riemannian metric g; on s;(U;), and all
transition diffeomorphisms are isometries. Let w; be the ordinary Levi-Civita connection
form on the frame bundle F(s;(U;)), and define

55 F(M,F)|y, — F(si(Uy)), s; (e) == (dsl-)fy(e) oe.

)

These local forms glue to a projectable GL(q, R)-connection w? € QY F (M, F),gl(q,R))
characterized by

wF’F(M,]-‘)\Ui = (5 ) wi.

Its restriction to OF (M, F) is exactly the principal O(g)-connection form w associated with
v,
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Lemma 4.5. For each a € Gy, the lift a: F(M,F) — F(M,F) satisfies a*w" = w". In

particular, @*w = w on OF (M, F).

Proof. Fix a € Gey. Let i be an index and let e € a'(F(M,F)|y,). Write z := 7(e).
Choose j with € U;, and shrink if necessary to an open neighbourhood U C U; Na™ 1 (1)

of x such that the restricted submersion s;|y : U — s;(U) has connected fibres.

Since a is foliated, after shrinking U, a|y sends each connected plaque of the chart s;|y into
a connected plaque of the chart s;|4uy, S0 s; 0 a is constant on the fibres of s;|;. Hence there

exists a unique smooth map ¢, ;; : s;(U) — s;(a(U)) such that s; 0a = ¢, ;;05; on U.

Because a*g = g, glv = s}g;, and glqw) = 57 i, we compute
$79; = 9lv = a*(glaw)) = a”(579:) = (Paj © 5;)"9i = $7(a,1;9i)-

Since s;|y admits local smooth sections, it follows that ¢} ;;g; = g; on s;(U). Thus ¢, ;; is
an isometry, hence induces a smooth map F(¢q;) : F'(s;(U)) = F(s;(a(U))). By invariance
of the Levi-Civita connection under isometries |7, Prop. 5.13|, F' (goa7,~j)*(wi| F(Si(a(U)))) =

Wil p(s; ()

Now let U := F(M,F)|ly € F(M, F)|v,. Differentiating s; 0 a = @45 0 s; and passing to

normal bundles gives (ds;)Y, o (da)) = (d@aij)s,@) © (ds;)y . Therefore 57 0 @ = F(pq,;) 0 55
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<F

F| _ . . ~
FOMF)y, (s; w;, we obtain on U:

on U. Using w )*w; and wF{F(

_ (TF
MF)y, (55)

*

(@wh)g = a* (W rorry,) = @ ((5]) wi)

= (5] oa)'w;

= (F(¢a,ij) © gf)*wz

= (§f>*(F(90azg)*wz)

= (5])'w; = w'g.

F

Since these open sets U cover F (M, F), we conclude that a*w’ = w’. Restricting to

OF (M, F) gives a*w = w. O

Corollary 4.6. The lifted Gp-actions on F(M, F) and OF (M, F) preserve the lifted foliation

F.

Proof. By |12, Example 4.19], the transverse canonical form on the transverse frame bundle

satisfies ker((67).) = ker(dn). & T.(F) for e € F(M,F). Also, by construction, w! is a

projectable connection on the transverse principal GL(q, R)-bundle (F(M,F),F), hence

T.(F) C ker((w),).

Let V, := ker(dn). be the vertical space, and let H, := ker((w”).) be the horizontal space.
Since w’ is a principal connection form on F(M,F), we have T,(F (M, F)) =V, ® H. and
Ve NH, = {0}.

Now take € € ker((8F).) Nker((w?).). Using ker((6F).) = V. ® T.(F), write £ = v+ &%, where

veVoand &z € T,(F). Because w” vanishes on T(F), 0 = (wF).(&) = (WF)e(v)+(WF)e(€z) =

(W)e(v), so v e V.NH, = {0}. Hence & = &z € T.(F), and therefore

T,(F) = ker((6").) Nker((w™),).
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Finally, by Lemmas @ and a0 = 0" and a*w’ = w!. Hence (dd)e(ker((QF)e)) =
ker((6%)a(e)), (da)e (ker((w”).)) = ker((w)ae), and so

(da) (T(F)) = (da)e (ker(67)e) N ker((w").) ) = ker((87 o) N ker(w)ace)) = Taco ().

Thus the lifted Gepe-action on F(M, F) preserves F. Restricting to the invariant subbundle

OF (M, F) gives the same conclusion there. ]

Proposition 4.7 (G p-equivariant). Let (M, F) be a smooth foliated manifold of codimension
q, and let N(F) = TM/T(F) denote its normal bundle. Let g be a transverse metric on

(M, F), so that (F,g) is a Riemannian foliation on M.

Assume that a compact Lie group Gepy acts smoothly on (M, F) by foliated diffeomorphisms.
Then, after replacing g by its Gep-average and choosing a Gpg-invariant bundle-like Rieman-
nian metric on M whose associated transverse metric is this average, we may assume that

the Gepi-action is by foliated isometries of (F,g), i.e. a*g =g for all a € Gep.

The induced Gepi-action on the transverse orthonormal frame bundle 7 : OF (M, F) — M
commutes with the right O(q)-action and preserves the lifted foliation j-:, the transverse
canonical form 6, and the transverse Levi—-Civita connection form w. In particular, when M
is compact and connected and we apply Molino’s structure theorem to (F,g), the resulting
O(q)-equivariant fibre bundle k : OF (M, F) — B is Gepi-equivariant for a unique induced

smooth Gpi-action on B commuting with the O(q)-action.

Proof. Tt remains to discuss the induced action on B. Assume now that M is compact and
connected. By Theorem [2.4(ii), there exists a manifold B with a right O(g)-action and an
O(q)-equivariant fibre bundle x : OF (M, F) — B whose fibres are exactly the closures of the

leaves of j-: .
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Since each a preserves F , it sends leaves to leaves and hence leaf closures to leaf closures.
Therefore k o @ is constant on the fibres of k. Because « is a fibre bundle, for each a € Gept
there exists a unique smooth map a : B — B such that Kk oa = a o k. Applying the same

construction to a~! shows that a~! is the inverse of @, so each @ is a diffeomorphism.

Uniqueness immediately gives ab = @ o b and lg,,, = idp, so a — a defines an action of G¢p

on B. To prove smoothness of the action map, consider
Q: Gepy X OF (M, F) — B, P (a,e) = k(a(e)).

This map is smooth because (a,e) +— a(e) and k are smooth. Let by € B. Since k is

a fibre bundle, there exist an open neighbourhood U 3> by and a smooth local section

o:U— OF(M,F). Then on Gep x U,
(a,b) — a(b) = ®(a,a(b)) = x(a(o(b)))

is smooth. Hence the action map G X B — B is smooth.

Finally, since @ commutes with the right O(g)-action and « is O(q)-equivariant, the induced

Gept-action on B commutes with the O(g)-action. For all A € O(q) and e € OF (M, F),
a(k(e)A) = a(k(eA)) = k(a(ed)) = r(a(e)A) = r(a(e)) A = a(x(e)) A.

By uniqueness, this is the unique smooth G¢pi-action on B for which & is Gp-equivariant. [

82



4.2 The orbifold case

With the machinery developed in the compact-group-equivariant case, we now construct a

Molino-type theory for orbifolds.

Remark 4.8. The author found related results in Lin-Miyamoto’s work on Riemannian
foliations and quasifolds [9]. Their work studies leaf spaces of Killing Riemannian foliations
from the diffeological point of view; in particular, under certain completeness hypotheses, the

leaf space of a Killing Riemannian foliation is a diffeological quasifold.

Our perspective here is complementary. We start with an orbifold equipped with a Riemannian

foliation and construct the Molino data intrinsically on its transverse orthonormal frame

bundle.

Definition 4.9. Let @ be an orbifold and let U = {(U;, G;, ¢;) }icr be an orbifold atlas. A
foliation F¢ of codimension ¢ on () is given by foliations F; of codimension ¢ on the manifolds

U; such that every embedding of orbifold charts A : (U;, Gi, ¢:) — (U;, Gj, ¢;) is foliated.

After shrinking the orbifold charts if necessary, we assume that each Uj; is a simple foliation
chart for F;, so that F; is defined on U; by a submersion s; : U; — T; C R? with connected
fibres. Then every embedding of orbifold charts A satisfies s; o A = 7, o s; for some local

diffeomorphism 7,.

A transverse metric on (@, Fg) is a collection g = (g;) of transverse metrics on the local
foliations (U;, F;) such that every embedding of orbifold charts is a transverse isometry. A

Riemannian foliation on @) is a foliation F¢ together with a transverse metric g.

We briefly explain the construction. Let (Fg, g) be a Riemannian foliation on the orbifold

Q. For each chart (U;, Gy, ¢;), let m; : OF (U;, F;) — U; be the transverse orthonormal frame
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bundle of the manifold foliation (U;, F;), equipped with its lifted foliation ]T"i, transverse

canonical form 6;, and transverse Levi-Civita connection form wj.

By Lemma [3.23, every embedding of orbifold charts induces an O(q)-equivariant foliated
embedding between the corresponding transverse orthonormal frame bundles, preserving the
local forms 6; and w;. Hence the quotient orbifolds OF(U;, F;)/G;, together with the induced

maps, glue, as in the construction of OF((Q)), to an orbifold, which we denote by OF(Q, Fg).

It carries a natural right O(g)-action. The descended local lifted foliations glue to an orbifold
foliation on OF(Q, Fg), denoted fQ, and the descended local forms glue to orbifold 1-forms
on OF(Q, Fg).

With the orbifold frame bundle notation fixed, the orbifold analogue of Molino’s theorem

reads as follows.

Corollary 4.10 (Orbifold Molino’s structure theorem). Let QQ be a compact connected
Riemannian orbifold, and let (Fq,g) be a Riemannian foliation of codimension g on Q). Let

O := OF(Q, Fg) with its natural right O(q)-action, and let F be the lifted foliation on O.

Then there exist orbifold 1-forms 6,w on O, a manifold N with a smooth right O(q)-action,

an O(q)-equivariant orbifold fibre bundle 5: O — N, and a Lie algebra g such that:

(1) T(F) = ker0 Nkerw. In particular, (O, F) is transversely parallelizable.

(2) The fibres of § are exactly the closures of the leaves of F.

(3) For every z € N, the restricted foliation J%‘gfl(z) is a Lie foliation defined by a g-valued
Maurer—Cartan form with dense holonomy group, and g s independent of z up to

1somorphism.
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Manifold presentation and pullback foliation

Lemma 4.11. Let Q be an orbifold of dimension n equipped with a Riemannian metric.
Then its unitary frame bundle M = UF(Q) is a smooth manifold with a smooth action of
the compact connected Lie group U(n) which is transitive on the fibres of p: M — @ and has
finite isotropy groups, such that Q@ = M/U(n) as orbifolds. If Q is compact (resp. connected),

then M is compact (resp. connected).

Proof. Following [12, Sec. 2.4], let p = (p;) denote the given Riemannian metric on the
orbifold @, and let U = {(U;, Gy, ¢;) }iesr be a maximal orbifold atlas of @, so that each
U; C R" is a connected open set, each G; is a finite subgroup of Diff (U;), and any embedding
of orbifold charts A : (U;, G, ¢:) — (U, Gj, ¢;) is an isometric embedding (U, p;) — (Uj, p;)-

Complexify the tangent spaces:

For each 4, set T'(U;)® := TU; ® C. We extend the Riemannian metric p; to a Hermitian inner
product on the complexified tangent bundle by (v ® z,w ® 2') := 22/p;(v, w), where z € Uj,

v,w e T,U;, and z, 2" € C.

Then define
UFU;) = {e L C" = T,(U)C | 2 €Uy, eis unitary},

with m; : UF(U;) — U; given by m;(e) = x when e : C* — T,(U;). This is a principal
U(n)-bundle over U;.

Lift the group action to the frame bundle:
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There is a smooth left G;-action on UF(U;) given by
g-ei= ((dg)x ® ld(c) oe € UFg(x)(UZ), g c Gi, e € UFQ;(UZ),

which commutes with the right U(n)-action on frames.

We claim that the G;-action on UF(U;) is free. To see this, if g - e = e, then g(z) = z and
(dg)$ = id, hence (dg), = id. Since U; is connected and G; is finite, Lemma 2.10 of [12]

implies that g = id. Therefore UF(U;)/G; is a smooth manifold.
Lift embeddings of orbifold charts:

If X: (U, Gi, ¢:) = (Uj,Gj, ¢;) is an embedding of orbifold charts, then d\ ® id¢ induces
a smooth U(n)-equivariant embedding P UF(U;) — UF(U;). Let A : G; — G be the
associated homomorphism from |12, Prop. 2.12(i)]. Then for g € G; and e € UF(U;), we

compute

Ag-e) = ((dN)g) ®idc) o ((dg), ®idc) o e = (d(
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so A descends to a smooth open embedding of quotients

The descended map does not depend on the chosen embedding:

Note that for any h € Gj, the induced map h, : UF(U;)/G; — UF(U;)/G; is the identity.
It follows that for any two embeddings A, p : (U;, Gy, ¢;) — (U;, Gj, ¢;) we have A\, = p,

[12, Prop. 2.12(iv)].
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Gluing:

Thus {UF(U;)/G;, A} forms a filtered direct system, and we define

M :=UF(Q) = li_r)n{UF(Ui)/Gi, A

Then M is a smooth manifold, and each UF(U;)/G; embeds as an open submanifold of M.
The maps ¢; induce maps p; : UF(U;)/G; — Q by pi(le]) = ¢i(mi(e)), and these glue to an
open map p : M — . The U(n)-action on the local pieces glues to a smooth U(n)-action

on M along the fibres of p. By construction, () is isomorphic to the orbifold associated to

this U(n)-action; equivalently, by |12, Prop. 2.23], @ = M/U(n) as orbifolds.
Fibres, transitivity, finite isotropy:

Let ¢ € Q and m € p~'(q). The U(n)-action is transitive on p~(g), so the orbit map induces

a diffeomorphism

p~H(q) = UM)/U(n)m,

where U(n),, is the isotropy subgroup at m. These isotropy subgroups are finite. Since U(n)

is connected, it follows that each fibre p~1(g) is connected.
Compactness, connectedness:

Each fibre p~t(q) = U(n)/U(n),, is compact because U(n) is compact. Moreover, the action
of a compact group is proper, hence the quotient map p: M — M/U(n) = @ is closed. Since
M is a manifold (hence locally compact Hausdorff), a continuous closed map with compact
fibres is proper; hence p is proper. If () is compact, then M is compact as the preimage of

the compact set () under the proper map p.
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As a quotient map for a group action, p is open. For the sake of contradiction, if M were
disconnected, then M = A U B with A, B nonempty disjoint open subsets. By connectedness
of the fibres, for each ¢ € @ the fibre p~!(q) is contained entirely in either A or B. Hence
p(A) and p(B) are disjoint. Since p is open and surjective, p(A) and p(B) are nonempty
open subsets of ), and @ = p(A) U p(B), contradicting the connectedness of Q). Thus if @ is

connected, then M is connected. O

Remark 4.12. For the discussion below, T'(Fg), N(Fg), pullbacks of these orbifold bundles,
and pullback foliations along smooth maps from manifolds to ) are understood chartwise

from the local foliations (U;, F;) and the local submersions s;.

Lemma 4.13. Let (Fg, g) be a Riemannian foliation of codimension q on Q, and letp : M :=
UF(Q) — Q be the unitary frame bundle projection. With the setup from Definition @, for
each i, let m; : UF(U;) — U; and q; - UF(U;) — W; .= UF(U;)/G; € M be the frame-bundle
projection and the quotient map, respectively, and define 3; := s;om; : UF(U;) — T;. Then
the foliation on UF (U;) defined by §; is preserved by the Gi-action and descends through g;
to a foliation on W;. These descended foliations agree on overlaps and therefore glue to a

foliation Fy; of codimension q on M.
Moreover,

(a) dp maps T(Fyr) into T(Fg) and, chartwise, v € T,Fy <= dpy(v) € TpmFo.
Equivalently, if x = ¢;(%) and v = (dg;)z(0), then v € T,Fy = (dm;)z(0) € Ty, Fis
*N(FQ);

1w
=3

(b) dp induces a vector bundle isomorphism dp : N(F;)
(c) pulling back the transverse metric gives a transverse metric g, := d_p*g on Fu, So
(Far, g1;) is a Riemannian foliation;

(d) the U(n)-action on M preserves Fyr and gl,, and dp is U(n)-equivariant.
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Proof. For each i, let FM be the foliation on UF (U;) defined by the submersion 3; = s; o ;.
If g€ Gy, let g: UF(U;) — UF(U;) be the induced action. Since g is an embedding of the

orbifold chart into itself, there is a local diffeomorphism v, such that s; 0 g =, o s;.

Because 7; 0 g = g o m;, we get
5,00 =50M0(J=250(gOT; ="7408;0T; =740 5.

Hence g preserves F. Since the G;-action on U F'(U;) is free and finite, F descends through
¢; to a foliation on W; = UF(U;)/G,;.

It A: (Ui, Gy, ¢i) — (Uj, Gy, ¢;) is an embedding of orbifold charts, let X:UF(U;) — UF(U;)

be the induced map. Since m; 0 A = A o 7r;, we obtain
50N =38;0Mj0ON=25;0\N0M; = )08 0T = V)0 5.

Thus the descended foliations on the W; agree on overlaps and glue to a global foliation Fj,

on M.

(a) Let x = ¢;(Z) € W; and v = (dg;)z(0) € T, M. Since ¢; is a local diffeomorphism and

Farlw, is the quotient of FM we have
vE T, Fy <= 0€TFM < 0 € ker(ds);.
Because s; = s; o m;,

ker(ds;); = (dm;);" (ker(ds)ryz)) = (dm); " (Tra) Fi) -
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This gives the chartwise characterization of T'(Fy;) and shows that dp maps T'(Fy) into
T(Fq) and that T, Fy = (dps) ™ (T Fo)-

(b) On each local model UF(U;), the foliation FM is the pullback of F; along the submersion

7;, S0 dm; induces a vector bundle isomorphism dr; : N(FM) = 72 N(F).

These local isomorphisms are G;-equivariant and compatible with chart embeddings, hence

descend through ¢; and glue to a global vector bundle isomorphism

dp : N(Fu) = p*N(Fo).

(c) We pull back the local transverse metrics on (U;, F;) along dm; to obtain transverse metrics
on (UF(U;), FM). These are G;-invariant, compatible under chart embeddings, and therefore

descend and glue to the transverse metric
gy =dp' g

on Fyr. Thus (Fyr, gi;) is a Riemannian foliation.

(d) The right U(n)-action on each UF(U;) is fibrewise with respect to m;, so §; = s; om;
is U(n)-invariant. Hence the U(n)-action preserves each local foliation FM, and therefore

preserves the glued foliation Fj; on M.

The local bundle isomorphisms dm; are U(n)-equivariant, so the glued map dp is U(n)-

equivariant. Since g1, = dp g by (c), the U(n)-action preserves g1, as well. O

Proposition 4.14. Let p : M = UF(Q) — Q and (Fa, gL;) be as in Lemma |4.15. Let
w: F(M,Fy) — M be the transverse frame bundle, and let Fur denote its lifted foliation; by

restriction, we use the same notation for the lifted foliation on OF (M, Fyr).
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Let H be a connected Lie group acting smoothly on M. For a € H, write p,(x) = a - .

Assume that the action is fibrewise with respect to p, so that po @, = p for alla € H. Then,

(a) for every x € M, the orbit H - x is contained in the leaf of Fy through x;

(b) the induced H-action on the transverse frame bundle m : F(M,Fy) — M has the
property that for every e € F(M,Fyr), the orbit H - e is contained in the leaf of the
lifted foliation Fur through e;

(c) if the H-action preserves the transverse metric gi,, so that the transverse orthonormal
frame bundle OF (M, Far) C F(M, Fur) is H-invariant, then for every e € OF (M, Fy),

the orbit H - e is contained in the leaf of the restricted lifted foliation Fu through e.

Proof. We first note that each ¢, is a foliated diffeomorphism of (M, Fy,). If v € T, F)y, then
by Lemma [4.13(a) we have dp,(v) € Tp@)Fq. Since pop, = p,

dpa.« (d@a(v)) = d(p O Spa)x(v) = dpx(v) € Tp(x)‘FQ = Tp(a-m)‘FQ'
Applying Lemma [4.13(a) again gives dip,(v) € T,..Far. Thus ¢, preserves Fy, so it induces
(dg@a)N : Nx(fM) — Na.x(FM)

and hence an action on F(M, Fyr). Also, if the action preserves gI;, then each (dy,)" is an

isometry, so OF (M, Fyr) C F(M, Fy) is H-invariant.

(a) Let x € M. Since po, = p for all a € H, we have H -z C p~'(p(z)). By Lemma 4.13(a),

T, Fu = (alpy)’1 (Tp(y)]:Q) = ker(dp,) C T, Fu for all y € M.
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This tells us that each connected component of a fibre p~!(g) is contained in a leaf of F);.
Since H is connected, H -z is connected, and hence it is contained in the leaf of Fj; through

x.

(b) Take a Haefliger cocycle s; : U; — T; for Fg. Then, in the chartwise sense, the pullback
foliation is locally defined by §; := s; o p : p~}(U;) — T;. So inside the chart p~!(U;), the

leaves of Fj; are the connected components of the fibres of s;.

By (a), each ¢, preserves the leaves of Fj;. Hence the H-action induces an action on

F(M, Fy).

Let a € H and e € F(M, Fyr), and write x := m(e). Choose i such that p(z) is represented
in the chart U;. Since p(a - x) = p(z), both z and a - z lie in the same local chart p~!(U;).

Inside that chart, the lifted foliation is locally defined by
S (M, Fag)lysy = (T, 55(¢) = (d5) ) o €'

Then,

It follows that e and a - e lie in the same fibre of the local submersion 5. To see that
they are in the same connected component of that fibre, we can choose a path a; € H,
t € [0,1], with ap = 1 and a; = a, such that ¢t — a; - e is continuous in F'(M, Fy). For

every t, p(m(a; - €)) = p(a; - ) = p(z), so the whole path stays in the same local chart
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F(M, Fu)|p-1(v,)- It’s easy to check that

§F(a; - e) = & (e) for all .

Since this is true for all a € H, H - e is contained in the leaf of Fu through e.

(c) If the H-action preserves g1, then each

(dga)z = No(Far) = Naw(Fur)

is an isometry. Hence OF (M, Fy;) C F(M,Fy) is H-invariant. Again by |12, Ex. 4.19],
the lifted foliation on OF (M, Fy) is the restriction of the lifted foliation on F(M, Fyr).

Restricting the argument in (b), we are done. O

Descent to the orbifold frame bundle

Lemma 4.15. Let a compact Lie group Gep act smoothly on a manifold M, and let

HiM-)M/GCpt

be the quotient projection. Then for every subset A C M, TI(A) = TI(A), where A is the

closure of A in M and I1(A) is the closure of II(A) in M/G.py.

Proof. Since I is continuous, I1(A) C II(A).

For the reverse inclusion, it suffices to show that II is a closed map, because then I1(A) is

closed in M /G and contains II(A), hence contains II(A).
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Let C' C M be closed. Since II is a quotient map, B C M /Gy is closed if and only if IT71(B)
is closed in M. Therefore II(C) is closed in M/Gey if and only if II7(II(C)) is closed in M.
But 17 (II(C)) is the Gpe-saturation of C: I (II(C)) = Gept - C.

Let

p Gepy X M — M, wk,z)=k-x
be the action map. Then Gyt - C = pu(Gepr X C).
We claim that p is proper. Let L C M be compact. Then u= (L) C Gepr X (Gept - L). Since
Gept 1s compact, Gepy X L is compact, and hence

Gept - L = pi(Gepe x L)

is compact. As M is Hausdorff, L is closed, and therefore p~'(L) is closed in Gy X M,
hence closed in the compact set Gepy X (Gept - L). Thus p~'(L) is compact, so u is proper.
In particular, any proper map between Hausdorff manifolds is closed, hence u is closed.

Therefore

Gept - C = p(Gepr x C)
is closed in M. This shows that II7* (II(C)) is closed, hence II(C) is closed in M /G py.

Now let C' = A, so II(A) is closed and contains IT(A), hence contains IT1(A). Combined with

the first inclusion, we are done. O

Lemma 4.16. Let p: M = UF(Q) — Q and (Fyr, gl,) be as in Lemma . Define
E:OF(M,Fy) — OF(Q, Fq),  Z(e) :==dpyyoe,

where m: OF (M, Fp) — M and 7o : OF(Q, Fg) — Q. Then:
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(a) Z is well-defined;
(b) = is U(n)-invariant and O(q)-equivariant;

(c) Z induces an isomorphism of orbifold principal O(q)-bundles
= OF (M, Fa)[U(n) = OF(Q. Fo);

(d) under this identification, the foliation descended from the lifted foliation on OF (M, Fyr)
is identified with the lifted foliation on OF(Q, Fo).

Proof. Let e € OF (M, Fy) and x := 7(e). By Lemma [4.13(b), dp, : No(Far) = Npw) (Fo)

is an isomorphism, and since g3, = dp g it is an isometry:

gp(ff) (d_pm(lj)7d_px(y/)) = (gﬁ)fli(% Vl)? v, y/ € Nx(FM)

a) Since e : RY — N,(Fu) is a g% -orthogonal isomorphism, to show that dp, oe : RY —
M T

Ny@)(Fo) is g-orthogonal, that is, Z(e) € OF(Q, Fg), it remains to check orthogonality.

Take v, w € R9. Then

Gn(a) ((dp,. 0 €)(v), (dp,, 0 €)(w)) = Gyw) (dp,(e(v)), dp, (e(w)))

= (9a1)a(e(v), e(w)),

because dp, is an isometry. Since e is orthonormal, dp, o e is also orthonormal.

(b) Let u € U(n) and let ¢, : M — M be given by x + w-x. The lifted action on OF (M, Fy)

is given by u - e = (dgou)ﬂN(e) oe,and m(u-e) =wu-m(e). For e € OF (M, Fy) with x := m(e),
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Lemma M(d) gives dp, , o (dp,)N = dp,. Therefore
E(u-e) = dp,, o (dpu)y e =dp,oe=E(e),

so = is U(n)-invariant.

For A € O(q),
=(c A) = @, 0 (0 A) = (@, 0¢) 0 A = (e) - A,

so = is O(q)-equivariant.
(c) Step 1: OF (M, Far)/U(n) is an orbifold.

The U(n)-action on OF (M, Fyy) is proper (since U(n) is compact) and locally free. If u-e = e,
then u - 7(e) = m(e), so u lies in the finite isotropy group of m(e) for the U(n)-action on M.
Hence the orbit space OF (M, Fy;)/U(n) carries the canonical orbifold structure associated
to a proper locally free action, and the quotient map II : OF (M, Fy;) — OF (M, Far)/U(n)

is an orbifold submersion.
Step 2: The right O(q)-action descends

Since the right O(q)-action on OF (M, F);) commutes with the left U(n)-action, it descends
to a right O(g)-action on OF (M, Fyr)/U(n).

Step 3: = factors through the quotient
Because Z is smooth and U(n)-invariant, there is a unique orbifold map

Z:OF (M, Fy)/U(n) — OF(Q, Fo)

such that = = Z o II.
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Define A : OF(Q, Fo) — OF (M, Fyr)/U(n) as follows: for e € OF(Q, Fg) with ¢ := mo(€),

choose any = € p~!(q) and let
es =dp, oc€ OF(M, Fr),  A€) = [ea].

This is well-defined: if 2/ = w -z for some u € U(n), then by Lemma {4.13(d), d_p;,1 =

(dpy)N o d_p;, hence e,s = u - e, and therefore [e,/] = [e,]. Smoothness of A follows from the

description on orbifold charts, using local trivializations for the U(n)-action.
Step 4: = and A are inverse maps

By construction,

so Zo A = idop(g,7,)- Conversely, for [e] € OF (M, Fa)/U(n) with z := w(e), taking the

choice z € p~!(p(z)) gives
(AoZ)([e]) = A(Z(e)) = A(dp, o €) = [dp, odp, o€) = [e],

hence A o Z = idg F(M,Far)/U(n)- Thus = is an orbifold diffeomorphism.

Finally, Z is O(q)-equivariant because Z is. And it covers the identity map on @ since

7o 0 Z = pom. Therefore Z is an isomorphism of orbifold principal O(g)-bundles.

(d) Let U = {(U;, G, ¢;) }ier be an orbifold atlas for Q). For each i, let F; be the local foliation
on U; represented by a submersion s; : U; — T; C R%. Let m; : UF(U;) — U; be the unitary

frame bundle projection, and let F* be the local pullback foliation on UF(U;) defined by
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S; := s; om;. By Lemma [4.13] these local pullback foliations descend and glue to the global
foliation Fp; on M = UF(Q).

Let 7™ : OF(UF(U;), FM) — UF(U;) and 7% : OF(U;, F;) — U; be the local orthonormal

frame bundle projections. Define the local map

Ei: OF(UF(Uy), F') = OF (Ui, Fi), (@) := dmipye 0 &
Also define

51 OF(UF(U:), FY) = OF(Ty),  51(€) := (d3i) oz © &,

(3

and

(2 7

52 OF(U, Fy) = OF(T)),  52(e) = (ds;)™ o
These are the local defining maps for the lifted foliations on the two local frame bundles.

M

Now let ¢ € OF(UF(U;), FM) and let & := n!

; (é). Since §; = s; o m;, functoriality of the

induced maps on normal bundles gives (d3;)) = (ds;)Y ;) o dm;z. Therefore

59(z5(8) = (dsi)n (3 0 dmiz 0 € = (d5;)Y 0 & =5 (¢).

All these constructions are Gj-equivariant. Since ¢; : UF(U;) — W,; := UF(U;)/G; is a
local diffeomorphism and Fy;|w, is the quotient of .EM , the induced map on normal bundles
identifies

OF(UF(U;), FM")/G; = OF (W;, Fur
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Under this identification, the map induced by Z; is the local representative of =. Also,

Q@

57 0 Z; = sM. Hence the orbifold diffeomorphism
E: OF(M,Fu)/U(n) = OF(Q, Fq)
identifies the foliation descended from F; with the lifted foliation on OF(Q, Fop). O

Lemma 4.17. Let H act smoothly, properly, and locally freely on a manifold M, and let
II: M — R:=M/H be the quotient map. Let F be a foliation on M such that the H-action

18 leafwise for F.

Let a be a Lie algebra. If a € QY(M;a) is H-invariant and basic for F, then there exists
a unique orbifold 1-form & on R such that I = a. If a s a Maurer—Cartan form as in

Definition[3.45], then & satisfies the same equation on R.

Proof. Let b be the Lie algebra of H, and for £ € b let &), be the fundamental vector field
on M. Since the H-action is leafwise for F, we have £, € ['(T'F). Because « is basic for F,
it vanishes on vectors tangent to F, hence a(&y,) = 0 for all £ € . Since « is H-invariant,
we have (exp(t£))*a = «a for all ¢, and differentiating at ¢t = 0 yields L¢,,o0 = 0 for all £ € b.

Thus « is H-horizontal and H-invariant.

Let x € M. Since the action is proper and locally free, we may choose an H,-invariant slice

S, through x and an H-equivariant diffeomorphism
O, H Xy, Sy — Uy, [h,s] — h-s,

onto an H-invariant neighbourhood U, of the orbit H - z. Because the action is locally free,

H, is discrete; because the action is proper, H, is compact; hence H, is finite.
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Shrink S, and choose local coordinates on it. We identify S, with a connected open subset
of R™. Then the restriction ¢, := Il|g, : S, — R is an open map inducing a homeomorphism

S./H, =2 11(U,), so (S, Hy, ¢,) is an orbifold chart on II(U,) C R.

Let a, := als, € Q'(S,;a). Since a is H-invariant and S, is H,-stable, a, is H,-invariant.

Hence there exists a unique orbifold 1-form &, on II(U,) characterized by ¢ta, = a,.

Claim. On U, we have o|y, = (Il|y,)* @

Consider the action map ¢ : H x S; — Uy, ¢(h,s) = h-s, and let prg_: H x S, — S, be

the projection. Since II(h - s) = II(s), we have (Il|y,) o p = ¢, o prg_ .

We compute ¢*a. If (v,0) € T, H @ 0, then dy, 4 (v,0) is tangent to the H-orbit through
h - s; by H-horizontality of «, this gives (¢*a)ns(v,0) = 0. If (0,n7) € 0@ T,S,, then

Ao, (0,n) = d(pn)s(n), and H-invariance gives

(") (h,5)(0,m) = an.s(d(pn)sn) = (wra)s(n) = as(n) = (Qx)s(n)-

Hence p*a = prg_a,. On the other hand,

©* (H|Uoc)*d33 = (¢x © prSz>*5‘x = prgx ¢§07a: = pr*S.:c Qg

Therefore ¢* (a — (H|Uw)*&x) = 0. Since ¢ is a surjective submersion, it admits local smooth

sections, so pullback by ¢ is injective on 1-forms. This proves the claim.

On an overlap U, N Uy we have (Il|y,nv,)*@ = o = (Il|y,nv,, )*@,. Pullback along II
is injective on orbifold forms: if an orbifold form 5 on R satisfies II*5 = 0, then on any

slice chart (S, H,, ¢,) we have ¢%f = (Il|s,)*s = 0, hence § = 0. Therefore a, = @, on
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II(U, NUy), and the &, glue to a global orbifold 1-form & on R satisfying II*& = a. The

same injectivity gives uniqueness.

Orbifold pullback is defined chartwise and hence commutes with d and with the bracket.
Therefore

1 1 1
I (dd + 5[@, d]) =d(IT*a) + E[H*d, I*al = da + é[a, al.

If the right-hand side vanishes, then the left-hand side vanishes. By injectivity of II*, we

conclude da + 3[@,a] = 0 on R. O

Proof of Corollary 4.10

Remark 4.18. Recall Definition @ Let {(U;, Gi, ;) }ier be the orbifold atlas of @, and let
Fi be the local foliations representing Fg. We say that F is a Lie foliation defined by an
orbifold g-valued Maurer—Cartan form if there exist G;-invariant 1-forms n; € Q'(U;; g) such
that for every embedding of orbifold charts A : (U;, Gi, ¢;) — (U;, G;, ¢;), we have \*n; = n,,

and each n; is pointwise surjective, satisfies T'(F;) = ker(n;), and dn; + 1[n;, n;] = 0.

We now have enough tools to give a proof of the main statement.

Proof. Letp : M := UF(Q) — @ be the unitary frame bundle of the orbifold. By Lemmas[4.11]
and @, M is a compact connected manifold (since @ is), equipped with the pullback
Riemannian foliation (Fys, g1;), and the U(n)-action on M is fibrewise with respect to p and
acts by foliated isometries of (Fus, gi;). Since U(n) is connected, Proposition @ implies
that U(n) acts leafwise on F),; and, after lifting, leafwise on the lifted foliation Far on

OF (M, Fyy).

Apply Molino’s structure theorem [2.4/ to (Fas, g3;). Let sy : OF (M, Far) — N be the O(q)-

equivariant Molino fibration, let 6y, be the transverse canonical form on OF (M, Fy), and
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let wys be the transverse Levi-Civita connection form on OF (M, Fys). By Proposition g,
the lifted U(n)-action on OF (M, F;) preserves Fuy, 6, and wyy. Since the U(n)-action is

leafwise for Fy, it preserves closures of leaves. Hence sy, is U (n)-invariant.
Let IT: OF (M, Fan) = OF(M, Fyr)/U(n) be the quotient map.

By Definition |4.9|and Lemma we identify OF (M, Fyr)/U(n) with the orbifold transverse
orthonormal frame bundle O := OF(Q, Fg), in such a way that the descended foliation is
identified with the lifted foliation F on O. Under this identification, sy, factors uniquely as

sy = 5o Il for an O(qg)-equivariant orbifold map §: O — N.

Since sy : OF (M, Fyr) — N is a U(n)-invariant smooth fibre bundle and the U(n)-action on
OF (M, Fyy) is proper, locally free, and fibrewise with respect to s, local trivializations of
s) may be chosen to descend to quotient charts as local orbifold trivializations of 5. Hence

5: 0 — N is an O(q)-equivariant orbifold fibre bundle.

(i) The form 6y is basic for the foliation Fy; by its local pullback description from the
transverse frame bundle construction, and w,; is basic because it is a projectable connection
form. Since the lifted U(n)-action is proper, locally free, leafwise for JEM, and preserves
Oy and w)ys, Lemma yields unique orbifold 1-forms 6, w on O such that II*0 = 0,; and
IT*w = wys. These are the orbifold transverse canonical form and the orbifold transverse

Levi—Civita connection form on O.

Since T(j-:M) = ker 0y Nkerwy on OF (M, Fyr), the same equality holds chartwise on O:
T(F) = kerf Nkerw. Therefore (O, F) is transversely parallelizable, and the pair (6, w)

determines the corresponding transverse parallelism.

(ii) The map sy descends to § as discussed above. We first identify the fibres of 5. Let
y € N, and let L be a leaf of Fy, with L = sy (y). By Lemma {4.16(d), TI(L) is a leaf
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of the descended foliation, identified with a leaf of F on O. Hence Lemma |4.15 gives
57 (y) =11(sy/ (y)) = (L) =II(L). Thus the fibres of 5 are the closures of the leaves of F.

(iii) Fix y € N, and let X, := s3/(y), X, := 5 (y) = X,,/U(n). By Theorem @, the
restricted foliation F M| x, is a Lie foliation defined by a canonical Maurer-Cartan form with
values in the Lie algebra g, := Z(Xy, F M| Xy), and the Lie algebras g, are independent of y

up to isomorphism.

Choose a Lie algebra g together with isomorphisms g, = g, and regard the canonical

Maurer—Cartan form as a g-valued 1-form wy; € Q'(X,;g). It satisfies

T('%M|Xy) = ker(%@\/Ac% dw%\]dc + %[w%{/[(ﬁ wll\j/[c] = 0.

For any Y € F(T(]—N“M|Xy)) we have tywy; = 0. Using Cartan’s formula,
Lywiic = ty (dwic) + d(tywiie) = =3 ty [wie, wiic] = 0,

y . . . . -~
SO wye 1s basic for the foliation ]-M|Xy.

Now let € € u(n), and let £# be the corresponding fundamental vector field on X,,. Since the
U(n)-action on X, is leafwise for j-:M|Xy, we have {7 € F(T(]A-:M|Xy)), hence Lgswy;e = 0.

Because U(n) is connected, it follows that wy is U(n)-invariant.

Let II, : X, — X, be the quotient map. Applying Lemma [4.17 to the U(n)-action on X,
and the U(n)-invariant form w};,, we obtain a unique orbifold 1-form &f; € Q'(X,;g) such
that IT;wy;c = wijc. It is again a Maurer-Cartan form. Since I, is a submersion and wyj is

pointwise surjective, Wy, is pointwise surjective as well.

Therefore X, carries a Lie foliation, which is the restriction F| %,, With T(F| x,) = ker(@yc)-
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It remains to prove dense holonomy. Let Gy be the connected and simply connected Lie
group integrating g. Let ¥ and 7 be the Darboux connection forms on X, x Gy and X, x G,

associated to wy;q and @y, respectively. By functoriality of the construction,

(IL, x idg, )7 = 17"

Choose zy € X, let )Z'y C X, x Gy be the leaf of ker(n?) through (¢, 1), and let )A_éy C X, x Gy
be the leaf of ker(7¥) through (II,(x¢),1). Then (II, x idgg)()?y) C )Z(y. Let

Hy3:{9€Gg|)N(y'9:)N(y}a Hy:={g€Gy| X, g=X,}.

If g € Hy, then )N(y -g = )N(y, hence

(I x idg, ) (Xy) - g = (I x idg, ) (Xy - g) = (I, x idg,)(X,y) © Xy

Since the right Gy-action preserves ker(7), the translate X y - ¢ 1s again a leaf of ker(n¥). As
it intersects )N?y, we must have )N?y cg = )N?y. Thus g € H,, and so H, C H,. By Molino’s
structure theorem on X, the holonomy group H, is dense in Gy. Therefore H, is dense in

G, as well. Hence the Lie foliation on X, = 57!(y) has dense holonomy.

Finally, because each g, is isomorphic to g, the structural Lie algebra of the Lie foliation on

5 !(y) is independent of y up to isomorphism. O
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4.3 Proper étale groupoid case

We proceed in two parts. In the first part, we build the orbifold framework associated
to a proper étale groupoid and a G-invariant Riemannian foliation. In Part II, we apply

Corollary and transport the resulting structure, giving our main proof of Corollary

For the remainder of this subsection, we assume that G = M is Hausdorff, proper, effective,
and étale. Following |12, Sec. 5.5], the source and target maps s,t : Gy — M are local
diffeomorphisms and (s,t) : Gy — M x M is proper. In particular, all isotropy groups G,

are finite.
From the groupoid to the orbifold frame bundle

Remark 4.19. Let G = M be a proper effective étale Lie groupoid. By [12, Prop. 5.30], for
each x € M there exists an open neighbourhood U C M and an action of the finite isotropy
group G, on U such that G|y = G, x U as étale Lie groupoids. Since G is effective, the
quotients U/G, are effective local orbifold charts on @ := M/G, and by |12, Cor. 5.31] they

determine the canonical orbifold structure on Q.

To avoid confusion with the Haefliger groupoid of germs I'(M), we denote by ng = @ the

associated proper effective orbifold groupoid. Then ggf is weakly equivalent to Eff(G).

Remark 4.20. (|12, Sec. 5.5]) Let G = M be an étale Lie groupoid. There is a canonical

homomorphism of Lie groupoids

Eff : G — T'(M),
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called the effect homomorphism. The étale groupoid G is called effective if Eff is injective on
arrows. The image Eff(G) C I'(M) is an open subgroupoid (hence effective), called the effect
of G.

Definition 4.21. Let v € G; with s(y) = z and t(7y) = y. Since s and ¢ are local
diffeomorphisms, there exist open neighbourhoods U C M of x and W C G, of ~, and a
diffeomorphism (a local bisection through v) o : U = W such that o(r) =7, soo =idy,

and t o ¢ is an open embedding. This allows us to set
pyi=too:U— M.

Lemma 4.22. Let 01,09 : U — Gy be local bisections with s o o; = idy and o;(x) = 7. Then,
after shrinking U around x if necessary, we have o1 = o9 on U. Hence p, =too; =to oy

on U. In particular, the germ of ¢, at x is well-defined, independent of the choice of o.

Proof. Since s is a local diffeomorphism, there exists a neighbourhood W C G of v such that
slw : W = s(W) is a diffeomorphism. After shrinking U, we may assume that U C s(W)
and o;(U) C W for i = 1,2. Then s|y oo; = soo; = idy, so o; = (s|w) 7|, for i = 1,2.

Hence 01 = 05 on U. L]

Following Lemma4.22, each arrow v : # — y determines a well-defined germ [p,] € T'(M)(z, y).
Lemma [4.23 shows that these germs respect composition, and hence they assemble to the

effect homomorphism Eff : G — I'(M) from Remark

Lemma 4.23. Let v : * — y and n : y — z be arrows in G. Then, as germs at x,

Py = Pn © Pry-
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Proof. Choose local bisections o, : U, — G with o, (z) = v and 0, : U;, = G; with o,,(y) = 7.
After shrinking U, assume that ¢.(U,) C U,, where ¢, =t oo, and ¢, = t o o,. Define

oy (1) 1= oy(py(u))oy(u) for u € Uy. Then s(oy,(u)) = s(o,(u)) = u, o4y () =17, and

to oy (u) = (0 (05 (u)oy (u)) = t(oy (05 (1)) = @y(0y(u))

for all w € U,. Hence oy, is a local bisection through 7y, and ¢,, = too,, = ¢, 0 ¢, as

germs at x. O
Now we want to discuss constructing G-invariant Riemannian foliations and descent to
Q = M/G. Let (F,g) be a Riemannian foliation on M, where g is a transverse metric.

Definition 4.24. We say that (F, g) is G-invariant if for every arrow v : x — y the germ
Eff(y) € I'(M)(z,y) is represented by a local diffeomorphism ¢., which is a foliated isometry

of (F,g), i.e. it sends leaves of F to leaves of F and is an isometry for the transverse metric

qg.

Equivalently, for every arrow « the germ Eff(+) € I'(M)(z, y) is represented by a local foliated

isometry.

Corollary 4.25. Assume (F,g) is G-invariant. For each arrow v : x — vy, the induced local

foliated isometry @, yields a well-defined local diffeomorphism

OF(py) : OF (M, F)|dom(p,) — OF (M, F)|im(e,)

which preserves the lifted foliation F and satisfies

OF(p,)0 =0, OF(p,)'w=w,
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on the common domain.

Proof. By G-invariance, ., is a foliated transverse isometry. Applying Lemma completes

the proof. n

Lemma 4.26. Let I' be a finite group acting smoothly and effectively on a manifold U. Let
(F,g) be a Riemannian foliation on U, and assume that every v € T' acts by a foliated

isometry of (F,q).

Then the quotient orbifold U/T" carries a unique Riemannian foliation (Fy v, gur) such that,

for the quotient map pr : U — U/T', we have

F = pr ' (For), g = priu/r

as transverse metrics.

Proof. Step 1: We choose a Haefliger cocycle

Choose a Haefliger cocycle (U;, s;,7i;) for F with each s; : U; — T; C R? a submersion with
connected fibres, and choose it so that ¢ is induced from Riemannian metrics g; on the T;,

with the transition maps 7;; local isometries.
Step 2: Produce the induced map 6; and show it is a local isometry

Since I' is finite, after refining the cover, we may assume that for every ¢ and 6 € T,

d(U;) C U;. Because the fibres of s; : U; — T; are connected plaques of F

v, and ¢ is foliated,
s; 00 : Uy — Tj is constant on the fibres of s;. If s;(x) = s;(2'), then z and 2’ lie in the same
connected fibre of s;, hence in the same plaque of F|y,, and then 6(x) and 6(2’) lie in the

same plaque of F|y,, so 5;(0(x)) = s;(5(z")).
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It follows that there is a unique map &; : s;(U;) — 5;(0(U;)) such that s; 00 = 8; 0s; on U
Since s; is a surjective submersion onto s;(U;), §; is smooth. We want §; to be a diffeomorphism,
so we need to show that its inverse is smooth. Since 67! is also a foliated diffeomorphism,
there is a unique smooth map 6-1; : s;(8(U;)) — s;(U;) such that s;06~! = §-1;05; on §(Uj;).
Then we compute s; = s; 00 'od = F]- 0sjo0d = Fj 0 §; 0 s;. Because s; is surjective

onto s;(U;), it follows that Fj 00; = idg,(v,)- Similarly, §; o Fj = id,;(5w,))- So d; is a

diffeomorphism onto its image.

Let g; and g; be Riemannian metrics on 7; and 7 representing the transverse metric g on Uj;

and U;. Because ¢ is a foliated isometry of (F, g), 0*(glsw,)) = ¢

v;- On the cocycle charts,

ok ok : _ < * [ Cx % . . .
9lv, = s7g; and gly;, = s3g;. Using s; 06 = 0; 0 s;, we have s7(07g;) = s7g;- Again, since s; is

a surjective submersion, 0;g; = g; on s;(U;).

For now we can say that, on each local quotient chart from the finite group action, the local
foliation defined by s; and the local transverse metric g; are invariant under the action of the

finite subgroup of I' preserving that chart, and hence descend to the chart quotient.
Step 3: Local foliations glue

On overlaps of quotient charts, the change-of-charts maps are induced by elements of I'. By
sj 0 = §; 0 8;, these maps identify the descended local submersions, while 6;g; = g; shows
that they preserve the descended transverse metric. Therefore these local quotient data glue

to a Riemannian foliation (Fy,r, gy/r) on U/T.
Step 4: Pullback identities and uniqueness

By construction, on each local chart V/H, the downstairs foliation was defined so that its

pullback to V' is Fly. So Flv = pr'(Fuyr)|v. They glue to F = pr'(Fyr). Likewise for the
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downstairs transverse metric. Locally g|v = pi(gu/r)|v, and they glue to the global identity

9 = prgu/r-

Uniqueness follows because on each manifold chart covering the orbifold, the downstairs
foliation and transverse metric are uniquely determined by their pullback upstairs, and the

orbifold structure on U/T" is defined by the quotient charts. n

Proposition 4.27. Let G = M be a proper effective étale groupoid, and let (F,g) be G-
invariant on M. Then Q) := M /G carries a Riemannian foliation (Fg, g) such that, for the

quotient map p : M — @,

F=p ' Fq), g=p7

as transverse metrics.

Proof. Let x € M. By Remark 4.19, choose an open neighbourhood U C M of x with
Gly 2 G, x U. Since (F,g) is G-invariant, every element of the finite isotropy group G, acts

on U by a foliated isometry of (F|y, g|v)-
Descend:

By Lemma [4.26, the quotient orbifold U/G, carries a unique Riemannian foliation

(Fujc.» gujc,) whose pullback along the quotient map py : U — U/G, is (Flu, glv)-
Glue the local quotient foliations on Q:

Now let U/G, and U’/G, be two such local quotient charts on @ = M/G. Every change-of-
charts map between them is induced by a germ of an arrow of G. Since (F,g) is G-invariant,
that germ is represented by a local foliated isometry upstairs. By the same reasoning as
in Lemma the local Riemannian foliations (Fy/q,, Ju/a,) glue to a global Riemannian
foliation (Fg, g) on the orbifold Q.
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By construction, on each local quotient chart U/G, the quotient map py pulls back

(Fusc.» Jusa,) to (Flu, glu). Hence globally F = p Y (Fg), g =17 O

For x € M set N,(F) := T,M/T,(F). If ¢ is a local foliated diffeomorphism defined
on a neighbourhood of z, then dp, preserves T,(F) and induces a linear isomorphism
(dp)N () : Np(F) = Ny (F). In addition, if ¢ is a transverse isometry for g, then (di)™ ()

is orthogonal. In particular, for an arrow v : x — y we write
(dp)y (x) = (dpy)™ () « No(F) = Ny(F),

where ¢, is any representative of the germ Eff(+y) near z.

Lemma 4.28. The linear map (dp)Y (x) depends only on the arrow ~ and not on the choice

of local bisection used to define ¢, .

Proof. By Lemma [4.22, the germ of ¢, at x is independent of the chosen local bisection.
Hence, dy. , : T,M — T,M is well-defined, and because ¢, is foliated, it preserves T, (F).
Therefore the induced map (dp,)Y : No(F) — N, (F) is well-defined as well. O

Thus, each isotropy group G, acts orthogonally on N,(F), and more generally G acts

functorially on N(F) by fibrewise linear isometries.

Let g := codim F, and let 7 : OF (M, F) — M be the transverse orthonormal frame bundle.

We use F for the lifted foliation, and 6, w for the transverse canonical form and transverse

Levi—Civita connection form, as in Definitions |3.15] and |3.19]

Now let v : 2 — y be an arrow of G. For e € OF, (M, F), we define

v-e:=(dp))(x) o e € OF,(M, F). (4.29)
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Lemma 4.30. The map v+ 7 - (—) defines a smooth left action of G on OF (M, F).

(a) If 1, is the unit arrow at v € M, then 1, -e = e for all e € OF,(M,F).
(b) If y:x —yandn:y— z, then (ny)-e=mn-(y-e) foralle € OF,(M,F).

Moreover, the action commutes with the right O(q)-action: v-(eA) = (y-e)A for all A € O(q).

Proof. We first show smoothness. Consider the action map
p: Gy Xy OF(M, F) — OF (M, F), (v,e) — v -e.

Locally, let (v0,€e9) with zg := 7(eg) = (7). Choose a local bisection o : U — G; with
o(xg) =70 and let ¢ :=too:U — V. Then ¢ : U = V is a diffeomorphism onto the open
subset V C M.

On U, the subset {(v,e) | v € a(U), s(v) =m(e)} C Gy xp OF (M, F) identifies smoothly
with OF (M, F)|y via (o(n(e)), e) <+ e. In these coordinates, the action is e — (dp)™ (7(e))o

e, which is smooth. Hence p is smooth.

(a) For 1, : © — = we may take o(u) = 1, on a neighbourhood of x. Then ¢;, = id near x

and (do)} (z) = idn,(7), s0 1, - e = e.

(b) Let v :  — y and  : y — 2. By Lemma[4.23| ©,, = ¢, 0 ¢, as germs at x, hence

(do)l (x) = (d) (y) o (de) ().

Therefore (ny)-e=n-(y-e).

Lastly, it is immediate from ([4.29) that - (eA) = (dp)Y(z) oeo A = (y-e)A. O
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Now we consider the action groupoid and its properties. Let
H:=GxOF(M,F)
be the translation groupoid. Thus Hy = OF (M, F) and Hy = Gy X OF (M, F) = {(v,e) €

GL x OF(M,F) | s(v) =n(e)}, with sg(v,e) = e and ty(y,e) = -e.

Lemma 4.31 (Etaleness). The translation groupoid H is étale: sy, ty : Hy — Hy are local

diffeomorphisms.

Proof. Let (yo,e9) € Hy with 29 = m(eg) = s(70). Choose a local bisection o : U — G with
o(xg) =y andset p =too: U —-V =¢(U). Then ¢ : U = V is a diffeomorphism onto

the open subset V' C M.

On U, the subset Hi|,w) := {(7,e) € Hy | v € o(U)} identifies with OF (M, F)|y via
U:OF(M,F)ly = Hilowy,  e— (o(n(e)),e).

In these coordinates, sy o ¥ =1id, so sy is a local diffeomorphism.

Moreover,

tir o ¥(e) = o(n(e)) - e = (dp)" (m(e)) oe,

which is the induced map OF () : OF (M, F)|y — OF (M, F)|y. Since ¢ is a diffeomorphism,
OF(p) is a diffeomorphism (with inverse OF (p')). Therefore ¢y is a local diffeomorphism.
0

Lemma 4.32 (|6, Chapter 10, Problem 10.19(c)|). Let f : E — B be a locally trivial smooth
fibre bundle with compact fibre F', and assume that B is locally compact Hausdorff. Then f

1S G proper map.
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Lemma 4.33 (Properness). The translation groupoid H is proper: (sy,ty) : Hy —

OF (M, F) x OF (M, F) is proper.

Proof. By Lemma [4.32, the bundle projection w : OF(M,F) — M is proper (since it is
locally trivial with compact fibre O(gq) and M is locally compact Hausdorff). Therefore = x 7

is proper.

Let pr; : Hy = Gy Xy OF (M, F) — Gy be the projection (v,e) + ~. Since 7 is locally
trivial with fibre O(q), the pullback pr; is also locally trivial with fibre O(q), hence proper
by Lemma [4.32]

We have the identity
(s,t)opry = (m X 7)o (sy,ty): H — M x M,

because (7 X 7)(sg(7,€),tu(v,e)) = (w(e), n(y-e)) = (s(7),t(7)). Since (s,t) is proper by

assumption and pr, is proper, their composition is proper, hence (7 X 7) o (sg,ty) is proper.

If K C OF(M,F) x OF(M,F) is compact, then (7 x m)(K) is compact, so ((7 x ) o
(sH,tH))_l((W x 7)(K)) is compact. Moreover (sg,ty) ' (K) is closed in this compact set

(since K is compact and (sg,ty) is continuous), hence compact. Thus (sy,ty) is proper. [

Proposition 4.34. The lifted foliation F on OF (M, F) is invariant under the G-action.

Proof. Let v :x — y be an arrow of G and choose a local bisection ¢ : U — G through ~.
Let ¢ :=too : U — ¢(U). By definition of the lifted action (4.29)), for every e € OF (M, F)|y

we have

a(m(e)) - e = (dp)"(m(e)) o e = OF (¢)(e).
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By Corollary , OF(¢) preserves the lifted foliation F. Hence the G-action sends leaves

of F to leaves of .7?, i.e. F is G-invariant. n

Lemma 4.35. For any local foliated isometry @ on M, the induced diffeomorphism
OF(p) : OF (M, F)laom(p) = OF (M, Flimt),  OF(p)(e) = (dp)™(n(e)) o
satisfies OF (p)*0 = 0. Equivalently, 0 is G-invariant.

Proof. This is the identity OF(¢)*0 = 6 in Lemma [3.23] O

Proposition 4.36. The action of G on (OF (M, F),F) preserves the transverse Levi-Civita

connection w.

Proof. Let v : x — y be an arrow of G and choose a local bisection ¢ : U — G through ~.
Let o :=too : U — ¢(U). As we have shown, on OF (M, F)|y the action map is OF (¢). By
Corollary OF(¢)*w =w on OF (M, F)|y. Since every arrow is contained in the image

of such a local bisection, this shows that the G-action preserves w. O]

Proposition 4.37. Let Og := OF (M, F)/G be the orbit space of the lifted G-action, that is,

the orbit space of the translation groupoid H = G x OF (M, F).

Then Og carries a canonical orbifold structure, the right O(q)-action on OF (M, F) descends
to a right O(q)-action on Og, and the quotient map 7g : Og — Q = M /G is a well-defined

orbifold map.

Proof. By Lemmas and |4.33) H = G x OF (M, F) is proper étale, hence its orbit space

Og = Hy/H carries a canonical orbifold structure.
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The right O(g)-action on OF (M, F) commutes with the left G-action by Lemma so it
descends to a right O(g)-action on Og. The map 7 : Og — @ is induced by the G-equivariant
projection 7w : OF (M, F) — M.

Because H is proper étale, every orbifold chart of O is obtained from a local model
H |V = He X V,

where H. is a finite isotropy group. By Proposition Lemma and Proposition 4.36),
the restrictions of F , 0, and w to V are invariant under the H.-action. Hence they descend
on the local quotient chart V/H, to a local orbifold foliation and local orbifold 1-forms.
Since these descended objects come from the global G-invariant data on OF (M, F), they are
compatible on overlaps. Therefore they glue to an orbifold foliation ]?G and orbifold 1-forms

0@, wWag on Og. ]
Let (Fg, g) be the Riemannian foliation on @ from Proposition Let
To - OF(Qan) —>Q

be the orbifold transverse orthonormal frame bundle from Definition with lifted foliation

Fo, transverse canonical form g, and transverse Levi-Civita connection form wg.

We can now state the proper étale groupoid analogue; the proposition right after proves
item (1).

Corollary 4.38. Let G = M be a Hausdorff proper effective étale groupoid such that the
quotient orbifold Q = M/G is compact and connected, and let (F,g) be a G-invariant

Riemannian foliation of codimension q on M. Let (Fg,g) be the descended Riemannian

foliation on Q.
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Let Og == OF (M, F)/G, Fg be the descended foliation on Og, and .7?Q on OF(Q,Fg).
Then:

(1) Og¢ carries a canonical orbifold structure for which Og — Q is an orbifold principal O(q)-

bundle. Moreover, there is a canonical O(q)-equivariant foliated orbifold isomorphism

o)

® : (O, Fa) — (OF(Q, Fq), Fo).

(2) Via @, (Og,]::g) satisfies the conclusions of Corollary|{.10, Equivalently, there exist
orbifold 1-forms g, wa on Og, a manifold N with a smooth right O(q)-action, an
O(q)-equivariant orbifold fibre bundle 5q : Og — N, and a Lie algebra g such that
T(j-:(;) = ker 0 Nkerwg, and the fibres of 5 are exactly the closures of the leaves of
Fe.

For every z € N, the restricted foliation ﬁG|§51(z) is a Lie foliation defined by a canonical
g-valued Maurer—Cartan form with dense holonomy group, where g is independent of z
up to isomorphism.

Moreover, (0c,wa, Sa, @) are obtained from the corresponding structures on OF (Q, Fq)

via the canonical isomorphism P.

Proposition 4.39. There is a canonical O(q)-equivariant orbifold isomorphism ® : Og =5
OF(Q,Fg). Moreover, ® : (O, Fa) — (OF(Q,]—‘Q),]?Q) is foliated, and ®*0y = Og,

(I)*QJQ = Wqg-

Proof. Let © € M and choose a local model G|y = G, x U as in Remark 4.19. Let (U, G, ¢.)

be the corresponding orbifold chart on Q).

Recognizing that the two orbifold constructions are locally the same:
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By Proposition 4.27, the quotient chart U/G, = ¢,(U) carries the descended Riemannian
foliation of (F|y, g|y). Hence, by Definition @, the restriction of OF(Q, Fg) to ¢,(U) is
represented by the quotient orbifold OF (U, F|y) /G-

On the other hand, under the identification G|y = G, x U, the lifted G|y-action on
OF (M, F)|v is the natural G,-action on OF (U, F|y). Therefore the restriction of Og =
OF(M,F)/G over the same base chart ¢,(U) is represented by the same quotient orbifold:

e (6:(U)) = OF (U, Fly)/G..

Thus we obtain a canonical local identification

Dy Wél(qu(U)) = OF(Q, FQ)le. )

induced by the identity on the common local model OF (U, F|y)/G..

IfX: (V,(Gy)v,dazlv) — (U, Gy, ¢,) is an embedding of orbifold charts, then by [12|

Prop. 2.12(i)] the lifted map
OF(A\) : OF(V, Fly) = OF(A(V), Fla), OF(\)(e) = (d/\)f:[(e) oe,
is equivariant with respect to the induced isomorphism
(Ga)v — (Gyhaw)-

Hence it descends to the change-of-charts map on both constructions. Therefore the local

identifications ®; glue to a global orbifold isomorphism

d: Og — OF(Q, Fo).
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Because each local ®y identifies two objects over the same orbifold chart ¢,(U) C @, the

induced map on the base orbifold is the identity.
The right O(g)-equivariance is immediate on each local model, hence globally.
® is foliated:

Finally, by Proposition and Definition on each common local model OF (U, Flv)/G.
the orbifold foliations and orbifold 1-forms fg, Oq, wg and j-v"Q, 0o, wg are the descents of
the same G,-invariant objects on OF (U, F|y). Hence they agree under @, so @ is foliated

and (ID*QQ = 9@, (I)*LUQ = Wwaq- ]

At this point, Propositions and together prove item (1) of Corollary

Proof of Corollary 4.38

Proof. Since () is compact and connected by assumption, Corollary |4.10 applies to the
compact connected Riemannian orbifold foliation (Fg, g). Let O := OF(Q, Fg), and let ]?Q

denote the lifted foliation on O.
Step 1: Apply the orbifold version of Molino’s theory.

Corollary [4.10 yields orbifold 1-forms 6g,wqg on O, a manifold N with a right O(g)-action,
an O(q)-equivariant orbifold fibre bundle § : O — N, and a Lie algebra g such that
T(]?Q) = ker g Nkerwg, the fibres of 5 are the closures of the leaves of ]::Q, and for each

2z € N the restricted foliation fQ‘g ) is a Lie foliation defined by a canonical g-valued

_I(Z

Maurer—Cartan form with dense holonomy group; moreover, g is independent of z up to

isomorphism.

Step 2: Move that package to Og using ¢
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By Proposition 4.39] there is a canonical O(q)-equivariant foliated orbifold isomorphism

[~23

®: (O, Fo) — (0, F)

covering idg and satisfying ®*0g = 0q, ®*wg = we.

Define Ng := N, 5¢ :=50® : Og — Ng. Since T(j-:Q) = ker 6o Nker wg on O, pulling back
along ¢ gives

T(fg) = ker QG N ker Ve

on Og. Thus (Og, ]?0) is transversely parallelizable, with transverse parallelism determined
by (9@, CL)G).

Step 3: Leaf closure and Lie foliation

Because s is an O(q)-equivariant orbifold fibre bundle and @ is an O(g)-equivariant orbifold
isomorphism, 3¢ is an O(gq)-equivariant orbifold fibre bundle. For each 2 € Ng, 5,'(2) =
o1 (5‘1(2)). Since @ is a foliated homeomorphism, it maps leaves to leaves and preserves

their closures. Hence the fibres of S5 are the closures of the leaves of .7::G,

Let z € Ng, and let L, := 55'(2), L. := 571(2). The restriction
Q,:=®|. : L, — L,

is a foliated orbifold diffeomorphism. By Corollary the restricted foliation ]T"Q| L. is a Lie
foliation defined by a canonical non-singular g-valued Maurer-Cartan form wf; € Q*(L.; g)

with dwi;e + L[wie, wire] = 0, T(Falr) = ker(Wise).

Now we pull it back:

WiS = Orwie € V(L. g).
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Then

1 1
z,G z,G = 2,G * z z z
dwyics + 5[‘*’1\/{07 wMC] =7 (dWMC + 5[%\/{07 UJMC]) =0,

and, because ®, is foliated, T(fG| L) = ker(wid). So Fa|. is a Lie foliation with structural
Lie algebra g.

Step 4: Dense holonomy

To compare holonomy, let G4 be the connected simply connected Lie group integrating g.
Associated to wj;~ and wf\’fé, let * and 7*% be the associated Darboux connection forms on

L, x Gg and L, x G, respectively. By functoriality of the Darboux construction,

(@, x idg, )" = n*C.

Hence the corresponding holonomy homomorphisms determined by n* and n*¢ have the

same image in Gy. Since the holonomy group of wy; is dense in Gy, the holonomy group of

z,G . .
wyic 1s also dense in Gy.

Therefore, via @, the foliated orbifold (Og, fg) satisfies the conclusions of Corollary |4.10,

with transverse parallelism determined by (0, wq), together with S and g. O]

4.4 A discussion on the effectiveness assumption

Remark 4.40. We want to explain why “effective” is assumed in the proper étale corollary,

but not in the regular groupoid theorem.
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First, if G = G is étale, every arrow determines a germ of a local diffeomorphism of the

base. There is the effect homomorphism

Eff : G — F(Go),

where I'(Gy) is the Haefliger groupoid of germs of local diffeomorphisms of Go. The groupoid
G is effective if and only if Eff is injective on arrows, and Eff(G) C I'(Gy) is an open effective

subgroupoid.

If G is proper and étale, then the orbit space @) := G/G carries a canonical orbifold structure,
and the associated proper effective orbifold groupoid I'(Q) is weakly equivalent to Eff(G).
Thus effectiveness is the hypothesis we need when we want to identify the given étale groupoid

as an effective orbifold presentation of Q).

Second, in the regular Riemannian groupoid theorem we work directly with the full Lie
groupoid G = M. In the non-étale setting, an arrow does not canonically determine a germ
of a local diffeomorphism of the base. The effect homomorphism is not the right organizing
object, so the relevant transverse geometry is encoded instead by local bisections and by the

normal /conormal representation.

In particular, a O-metric is defined by transverse invariance for the canonical action G ~ M,
equivalently by the requirement that the normal representation act by fibrewise isometries.
Isotropy acting trivially on the transverse directions is therefore already invisible to the

metric geometry.

Finally, [11] shows that every regular Lie groupoid fits into an extension

I(G)Y —G—FE
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by a foliation groupoid F, unique up to isomorphism. In the proper regular case, I(G)° is a

locally trivial bundle of compact connected Lie groups and E is an orbifold groupoid.

This description involves no effectiveness hypothesis: the connected isotropy bundle is part
of the intrinsic regular groupoid data. For this reason, effectiveness is needed in the proper

étale/orbifold corollary, but not in the regular Riemannian groupoid theorem itself.
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Chapter 5

Examples of Regular Riemannian Lie
Groupoids

We’ll go over two examples of Molino’s structure theorem for regular Riemannian groupoids,

as follows.

(1) Kernel groupoid: M xg M = M.

(2) Kronecker: R x T? = T

5.1 The kernel groupoid of a submersion

Our first example, M xg M = M, comes from |12 Example 5.1(2)].
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5.1.1 The regular groupoid structure

The kernel groupoid and its structure maps

Let p: M — B be a surjective submersion between manifolds. We assume M is compact

and connected.

Define
G:=MxpgM:={(z,y) € M x M :p(z) =p(y)}

Recall: the kernel groupoid Ker(p) is a Lie subgroupoid of the pair groupoid Pair(V), defined
by

Ker(p)V := N xuy N ={(y,/) € N x N : p(y) = p(y/)},

where p: N — M is a submersion. In our case, N = M and the base manifold is B, so the
arrow manifold is G = M xg M. Then G = M x g M is the arrow manifold of a Lie groupoid

over M. We say that (z,y) € G is the arrow y — x.

So the structure maps are s(z,y) = y, t(z,y) = z, u(x) = (z,2), i(x,y) = (y,x), and for
composable arrows (z,y) and (y, z) we set m((z,v), (y, 2)) = (z, 2), equivalently (z,y)-(y, z) =

(z, 2).

Let z,y, z,w € M with p(z) = p(y) = p(z) = p(w). We check units: s(u(z)) = s(z,z) ==
and t(u(z)) = t(z,x) = z. Inverses: (z,y) - (y,z) = (z,x) = u(x) = u(t(x,y)), (y,z) - (z,y) =
(y,y) = u(y) = u(s(z,y)), and associativity ((x,y) . (y,z)) (z,w) = (2,2) - (2,w) = (z,w),

(ZU,y) ) ((ya Z) ) (va)) = (az,y) ) (va) = ('I’w)'
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Therefore G = M is a Lie groupoid. M is a manifold, hence Hausdorff, so M x M is
Hausdorff. The fibre product G = M xg M C M x M is a smooth submanifold (because

G = (p x p)~}(Ap) with p x p a submersion), hence G is Hausdorff.
The orbit foliation and regularity

Let € M. Then s7'(z) = {(z,2) € G : p(z) = p(z)}. Applying t, we get

H(s7M(@)) = {t(z,2) : p(z) = pla)}
—{e M:p(z) = plx)}

=p ' (p(a)).

So the orbit set through z is O, = p~! (p(x)) By definition |12, Example 1.1(2)], the leaf

through z is the connected component of the fibre p~*(p(z)) containing .
A smooth curve () lies inside a leaf if and only if p(y(¢)) is constant. Differentiating,

%(p (7(’5))) = (dp)y (1(1)) = 0.

This implies T(O) = ker(dp) C T M.

Since p is a submersion, dp has constant rank dim(B). Therefore ker(dp) has constant rank

dim(M) — dim(B), so the orbit distribution has constant rank. Hence G =2 M is regular.
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5.1.2 The fibre-product 2-metric

Composable arrows and face maps

By definition, G® = {(h,g9) € G x G : s(h) = t(g9)}. Let h = (2,y), g = (y,2). The
composability condition is s(x,y) =y = t(y, z). Moreover, p(z) = p(y) and p(y) = p(z), so

p(z) = p(y) = p(z). Thus
G =M xpMxp M, (h,g) «— (z,y, 2).
Under this identification, the face maps are

7T1(ZU,y,Z) = (-fl?,y), 7TQ(.T,y,Z) = (yaz)v m(a:,y,z) = (ZB,Z),
and m corresponds to the groupoid multiplication (z,v) - (y, 2) = (z, 2).
The fibre-product metric on G

We now choose a Riemannian metric gg on B, and by [4, Lemma 2.1.1|, a Riemannian metric

gnr on M such that p: (M, gp) — (B, gp) is a Riemannian submersion.

By |4, Remark 2.1.5], the fibre product M x g M carries a metric ") := g x  gas such that

both projections to M are Riemannian submersions. More explicitly,

nW = prt ga + pri g — (popry)*gs,

where the projections are Riemannian submersions.
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Now consider

MXBMXBMI (M XBM) XBM.
Here (M xg M ) — B is given by p o pry (equivalently p o pry on the fibre product).

We apply the same fibre product construction to the two Riemannian submersions (M X p
M,nW) — (B, gg) and (M, grs) — (B, gg), and we produce a metric on the fibre product:

2)

n'? = pry gu + pry gu + pri gar — 2(p o pr,)*gs.

Positive-definiteness of n(?

Let (z,y,2) € M xgp M xp M, so p(x) = p(y) = p(z) =: b. A tangent vector is v :=
(Vgy vy, v,) € T, M & T,M & T, M satistying dp,(v,) = dp,(vy) = dp.(v,) € T,B. Let us call
this common vector

a = dp,(vy) = dpy(vy) = dp.(v,) € T, B.

From |4, Section 2.1|, since p : (M, gy) — (B, gp) is a Riemannian submersion, at each
point we have the orthogonal splitting 7, M = ker(dp,) ® (ker(dpx))L, and dp, restricts to
an isometry dp, : (ker(dpw))L = T,B. We write

v, =vY + o with Y € ker(dp,), v € (ker(dpx))L,

T

and similarly for v, and v,. Then dp,(vY) =0, dp,(v) = a, and by the isometry property,

gu (v, 0f) = gp(a, a), and similarly for y and z.
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We evaluate n® on v = (v,,v,,v,):

77(2) (1},?}) = gM(Uccy'Ux) + gM(Uya Uy) + gM(Uzy'Uz) - 29B(a7 CL)
= (gum(vy . vy) + gp(a,a)) + (9u(vy ,v,)) + gp(a,a))
+ (gM( Zv /};/) +gB(a a)) - 293(&,&)

= gar(vy v ) + gur(vy  vy)

+ gu(v),v)) + gs(a, a).

If n®(v,v) = 0, then gz(a,a) =0 = a =0, and gy (vY,vY) = 0= v = 0, and similarly

v, = 0and v = 0. Also a = 0 implies dp,(vf') = 0. But dp, is injective on the horizontal

space (ker(dpx)) so vff = 0, and similarly v = 0 and v/ = 0.

Therefore v = 0. Hence 1® is positive definite, so n® is a Riemannian metric.
Verification of the 2-metric axioms

[t remains to verify the 2-metric axioms from |4, Definition 3.3.2 and Remark 3.3.3|.

Clearly the Ss-action permutes (z,y,z), hence permutes (v,,v,,v,). If we look at the
formula 7 (v,v) = gar(vY ,vY) + gu(vy , v} ) + g (vY , vY) + g(a, a), the first three terms
are symmetric in z, y, z. The last term uses the common base vector a = dp,(v,) = dp,(v,) =

dp.(v.), which is unchanged by permuting the components. So 1(? is Ss-invariant.

We show 7? is transverse to the face maps, i.e. 71, m,m : G — G are Riemannian

submersions (with the metrics induced by 7 on G® and n" on G).
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Under the identification M xp M xp M = (M xg M) xg M, the map m(x,y,z) = (x,y)
is the projection to the first factor M xg M. By construction, the projections from a fibre

product are Riemannian submersions. Hence 7; is a Riemannian submersion.

Let 0 € S5 be the cyclic permutation o(z,y,z) = (y,2,2z). Then m = m o o. Since o is
an isometry by Ss-invariance, and 7 is a Riemannian submersion, it follows that m, is a

Riemannian submersion.

Let 7 € S5 be the transposition swapping y and z: 7(z,y,2) = (z,2,y). Then m = 7 o 7.

Again 7 is an isometry by Ss-invariance, so m is a Riemannian submersion.

Therefore ? is transverse to the face maps 7y, mo, m.

5.1.3 Molino structures for the kernel groupoid

The normal bundle and orthogonal frame bundle

We already computed T(O) = ker(dp), so the normal bundle is N = T'M/ ker(dp). Because
dp is surjective,

T, M/ ker(dp,) = im(dp,) = Ty B.
Hence N = p*(TB). Therefore ¢ = rank(N) = dim(DB).

Using N, = T),;)B, an orthogonal frame e : R? — N, is the same thing as an orthogonal
frame of Tp,;)B. This is to say OF(M,0) = {(z,e) | € M, e : R — T,(,)B orthogonal }.
So

OF(M,0)= M xg OF(B).
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The lifted foliation

Recall we construct the lifted foliation © on OF (M, O) by choosing a Haefliger cocycle
(Ui, si,7i;) for O and defining submersions s; : OF (M, O)’Ui — OF(R?) whose fibres glue
to a global foliation (|12, Section 4.2 and Section 1.2]). Here O is defined by connected
components of fibres of p. So locally we can choose s; to be local coordinates on B composed

with p. Then s; records the basepoint in B and the transverse orthogonal frame.

Along a leaf in M, the basepoint p(x) is constant, hence the transverse frame is constant. So,

leaf through (z,e) = (leaf of O through z) x {e}.

Since M is compact, every fibre p~1(b) is compact. Hence each connected component leaf
is compact and closed in M. Consequently, each lifted leaf (leaf of (9) x {e} is closed in
OF (M, 0O).

The structural Lie algebra

Assume in addition that the fibres of p are connected. Therefore, we can take N = OF(B)

and k(z,e) = e.

Recall the structural Lie algebra is defined by g, := l(m‘l(n), 5‘}(1(71)). In our case, for
n=e€ OF(B) =N we have

k' (e) = (aleaf of O) x {e}.
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Moreover, (’5"(1( is the codimension 0 foliation with a single leaf, which is x!(e) itself.

e)
Therefore,

g, =0 for all n € N.

5.2 The Kronecker flow groupoid on T?

5.2.1 The regular flow groupoid

The action groupoid and its regular orbit foliation

Now we discuss our second example. Let M = T? := R?/Z? and let o € R\ Q. Define an

R-action @, ([z,y]) = [z+7,y+a7], 7 €R. Let G :=R x T?> = T

For (1,p) € R x T?, the structure maps are s(7,p) = p, t(r,p) = @,(p), u(p) = (0,p),
i(t,p) = (r,p)~ ! = (—T, @T(p)), and the multiplication for composable arrows is (12, ®,,(p)) -

(11,p) = (71 + 72, p). Here composability means s(7e, ®,,(p)) = ¢, (p) = t(71,p).

Assume @, ([z,y]) = [z,y]. Lifting to R? the condition [z + 7,y + a7] = [z,y] (mod Z?)
means that there exists (m,n) € Z? such that © + 7 =2 + m, y + ar = y + n. Equivalently,
T=m€Z,ar =n € Z. Since a ¢ Q, the only solution is 7 = 0. Hence the isotropy is
trivial, and all orbits are 1-dimensional. In particular, the action groupoid is regular (which

means constant orbit dimension).

The infinitesimal generator of the flow is the constant vector field X = J, + ad,. Thus
dim(O) = 1 and ¢ := codim(O) = 1. This is the Kronecker foliation on T? [12, Example

1.1(3)].
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Dense leaves and nonproperness

To see density, the orbit through [0,0] is {[r,a7] : 7 € R} = {7(1, @) mod Z?}. Tts closure
is a closed subgroup of T2. Since « satisfies no nontrivial integer relation ma +n = 0, the
closure cannot be a 1-dimensional subtorus; hence the closure must be all of T?. Therefore

all leaves are dense.

Remark 5.1. The action groupoid G = R x T? = T? is not proper when o ¢ Q (equivalently,

the R-action is not proper). Properness of the action means the map

R x T? — T? x T?, (T,p)'—>( ,cI>T(p))

is proper. For irrational «, we can find 7,, — +o00 with @, (p) — p, contradicting properness.

5.2.2 From a failed Euclidean metric to the gauge 2-metric

Failure of the Euclidean metric on G®?

Suppose we try to define the Euclidean metric on G?). The space G? = {(h,g9) € G x G :
s(h) = t(g)} consists of pairs of composable arrows. If g = (71,p1) and h = (79, p2), then
s(h) = t(g) means py = 71 - p; = ®,,(p1). Thus a parametrization map is R? x T? — G,
(11, T2, p) > ((72, T - p), (Tl,p)). With respect to this parametrization, the face maps are

7T1(71772>p) = (72,(1371(29))7 7T2(71772>p) = (Tl,p)a m(TlaTzap) = (71 + Tz,p)-

Consider the Euclidean metric on G®

g:=dri +dry +dz*+dy*  on R?x T? (locally R* x R?).
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The map 7, is the projection dropping 7, so m, is a Riemannian submersion for g. Hence

the induced pushforward metric downstairs is (m2).g = dr? + dz* + dy?.

For m(7y, 72, x,y) = (11 + T2, x,y) we have dm(a,b,c,d) = (a+b,c,d). Then the kernel of dm
in the (71, 72)-directions is spanned by (1, —1), i.e. ker(dm) = span{d,, — 0,,}. A horizontal
complement is spanned by (1,1) together with 9,,9,, i.e. (kerdm)* = span{9,, +9,,, 0., 9,}.
But dm(1,1) =1+ 1 = 2. Therefore, to lift a unit 9, downstairs, we need to take $(1,1)

2 2 2
5(1, 1)H = (%) + <%> = 4. Hence m.g = § dr? + da? + dy”.

upstairs. Its squared norm is

So

(7T2>*g % m*g7

and this already shows that g cannot be a 2-metric on G® (|4, Definition 3.3.2 and Proposition
3.3.4]).

We now consider the triangle of composable arrows:

Yy x
/ X — 97 \th
S > 2z
x e >z Y h

The permutation (ry)z sends (h, g) € G® to (h-g, g~') [4, Section 3.3].

1

In our case, recall ¢ = (71,p1) and h = (79,ps), and for an action groupoid (7,p)~
(=7, 7-p) = (=7, ®,(p)). Thus g = (7'1,]01)_1 = (=71, 71-p1), and h-g = (12, p2) - (11, 1) =

(12,71 -p1) - (11, p1) = (11 + 72, p1). So (h-g, g71) = ((7'1 +72,1), (=71, 71 'Pl)) = (W,q").

By definition of the parametrization, ({, 7}, p’) corresponds to (1',¢') = ((73,71 - P'), (1{,p)).
We match (7{,p") with (=7, 7 - p1). Hence 77 = —7m, p = 7 -p1 = @, (p1). Then
(1371 P') = (13, (=71) - (11 - p1)) = (73, p1). We need this equal to h' = (71 + 72,p1), so

75 = 71 + To. Therefore, under (zy)z we have (11,7,p) — (=71, 71 + 72, ©-,(p)).
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On the (71, 72)-coordinates this is

-1 0

(11, 72) = (=71, 71+ T2), matrix
1 1

Note it sends (1,0) to (—1,1), so it is not orthogonal for the Euclidean metric dri + d73.

Thus the Euclidean metric g on G is not Ss-invariant.
The gauge presentation of the Kronecker groupoid

Because the groupoid is not proper, we construct a metric via a free and proper action

upstairs and then descending.

Let P := R x T%. Define an R-action on P by

a-(k,p) = (k—a, ®.(p)). (5.2)

Freeness is obvious: if a- (k,p) = (k,p) then k —a = k, hence a = 0. For properness, define a
diffeomorphism F' : P — RxT? F(k,p) := (k, ®1(p)). Its inverse is F ' (k,z) = (k, ®_(2)).

We compute,

Fla- (k,p)) = F(k — 0,9,(p))
= (k? — a, (Pk—a(q)a(p)))

= (k — a, Pk(p))-

Thus, under the identification F, the action (5.2) becomes a - (k,z) = (k — a,x) on R x T?,
i.e. translation on R and trivial on T?, which is a proper action. Hence the action on P is

free and proper.
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Define
‘I]O:P/R—>T27 [k7p]'_>q)k(p)

We want to show ¥, is a diffeomorphism. We need to check a couple things. For well-
definedness, if (k,p) ~ (k — a, ®,(p)), then ®;_o(Pu(p)) = ®r(p). Surjective: Wo([0,2]) =z
for any x € T?. To show injectivity, suppose Wo([k1, p1]) = Wo([k2, p2]), i.e. Pp, (p1) = P, (p2)-
Applying ®_j, to both sides, we get po = & _, (<I>k1 (pl)) = Op, 1, (p1). Let a := kg — ko.

Then a - (ki,p1) = (k1 — a, ®a(p1)) = (K2, p2), s0 k1, p1] = [k2, po] in P/R.

Let g : P — M, q(k,p) = p. Then,

P xy P= {((kl,p), (]{ZQ,p)) : kl,kg S R, pE T2} = R2 X T2.

The diagonal action is a - (k1, k2, p) := (k1 — a, ko — a, ®,(p)).

Define

U, : (P xy P)/R— R x T?, [(k1,p), (ko p)] = (T :=k1 — ko, z:= By, (p)).

It is well-defined. 7 is invariant under the diagonal action, and ®x,_, (P4 (p)) = P, (p). The
source is x and the target is ®,(x), so this identifies (P x,; P)/R = P/R with the action

groupoid R x T? = T? (after identifying P/R = T? via ¥).
The descended 2-metric
Choose the product metric np := dk* + dz* + dy* = dk? + gr2, where gr2 is the flat metric on

T2
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In universal cover coordinates (k,z,y) € R?® (with (z,y) projecting to [z,y] € T?), the action
isa-(k,z,y) = (k—a, z+a, y+ aa), a translation in R3, hence isometric. Therefore np is

R-invariant and thus transversely invariant.

By |4, Lemma 2.3.1|, since the action is free and proper by isometries, the quotient P/R
inherits a unique smooth metric such that the projection = : P — P/R is a Riemannian
submersion. Equivalently, the metric on P/R is defined so that dr restricts to an isometry

on the orthogonal complement of the orbits.

Define a metric n® by descending a product metric from P xj; P x5 P. This is the

gauge-groupoid construction of 2-metrics in |4, Prop. 4.2.4].

Take P Xy P x 3 P = R3 x T? with diagonal action a - (ki, ko, k3,p) = (k1 — a, ke —a, ks —
a, D,(p)). Let
ds® = dk? + dk3 + dkj + dz® + dy®.

By |4, Lemma 2.3.1 and Proposition 2.3.3|, the metric descends to

(P xp P xp P)/R =G,

and the face maps {m,m2, m} descend to Riemannian submersions on the quotient.

Quotient metric in invariant coordinates

On the universal cover (ki, ko, k3, z,y) € R5, the diagonal action is (ki, ko, k3, z,y) — (k1 —
a, ke —a, ks —a, r+a, y+aa). Let uy = ky — ko, ug = ko — k3, T =x + k3, § = y + aks,
v = k3. This makes (uy,uz, Z,9) invariant under the action, and v — v — a. From k3 = v,
ko =us+v, ki =u+us+v,r=1—v, y=1y—av, we get dkz = dv, dks = dus + dv,

dky = duy + dus + dv, de = dx — dv, dy = dy — adwv.
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Then

dki = (duy + duy + dv)? = duf + du3 + dv? + 2 duy dug + 2 duy dv + 2 dusy dv,
dk2 = (duy + dv)* = du? + 2 duy dv + dv?,

dk? = dv?,

dr* = (di — dv)* = d&? — 2di dv + dv?,

dy? = (djj — adv)® = dj? — 2a djjdv + o dv*.

Summing together:

g = ds® = (du? + 2du3 + 2 du; duy + di* + dj?)

+ (2duy dv + 4 duy dv — 2di dv — 20 dij dv) + (o + 4) dv®.

In coordinate order (uy,us, T, 7, v),

Guro 1 1100
- 2 120 0
gvv:a2+4a b= ’ = ) Jbase =
. 1 0010
Jijv - 00 01

(The last component of b is —a because the cross term is —2a dg dv, and gpase 18 Symmetric

With Guiu, = Guou, = 1.)

Let the quotient coordinates be ¢ = (uq, u2, , 9), and let X = a10,, + a20,, + a30; + a40; be

a tangent vector on the quotient. Let X + A0, be a lift upstairs. We impose orthogonality to
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0, so that the lift is horizontal:

= g(X, av) + >‘g<8v78v)

4
= Zaigiv+)\gvv

where a = (a1, as, ag, as)”. Thus
bla

a4

Then

9(X + 20y, X +20,) = g(X, X) +2Xg(X,8,) + X* g(Dy, D)

= a” gpasea + 2X (b7 a) + N*(a® + 4)
(b"a)?

a2 44

1
T T
— ase_—bb) _
¢ (gb a? 44 ¢

T
= @ Gbased —

Hence the quotient metric is

oa?+3 a?+2 1 a
2 2
@ 1 r 1 a’+2 2044 2 2a
n _gbase_oé2+4bb _Oé2+4
1 2 a’+3 —a
o 2x - 4
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5.2.3 Molino structures for the Kronecker foliation

The normal bundle and orthogonal frame bundle

Recall: choose a flat metric on T2. The tangent line field of the Kronecker foliation is spanned
by

X =(1,a), and a unit normal is Y= —=(—-,1),
which is constant.

Hence the normal bundle is trivial: N = T? x R, i.e. the normal bundle is a line bundle of
rank 1. For a line, orthogonal frames are just £1, so O(1) = {£1}. Thus the orthogonal

frame bundle is

OF(M,0) = T?x O(1) = (T?* x {+1}) U (T? x {—1}).

The normal representation

We discuss the normal representation. Recall that @, ([z,y]) = [z +7,y+aT], so d®,((0,),) =
(0)a, (), AP-((0y)p) = (Oy)a, (p)- Since X = 0, + ad, is constant, we have d®,(X,) = Xo, ().
Thus d®, preserves T'O, and it induces /\é\;p) : Np = Na_(p)-

Let Y =

\/7( a0, + 0,). Then Y is a global unit vector field orthogonal to T'O, and its
class [Y] gives a global unit section of N = TT?/TO; hence N is trivialized by p — [Y].
Because Y is also constant, d®,(Y,) = Ya_ (), so )\(T »([Yp]) = [Ya, (] Under the trivialization

of N by [Y], this says )\é\i ) = idr. So the normal representation is trivial.

140



A point (p,e) € T? x {£1} represents the frame 1 + £[Y,]. By Proposition [3.14, the groupoid
action on OF (M, O) is induced by the normal representation. Hence, (7,p)-(p, &) = (®,(p), €),
e € {£1}. So T? x {+1} and T? x {—1} are G-invariant.

The lifted foliation and structural Lie algebra

Because O(1) is discrete, the lifted foliation is just two copies of the original foliation:

O=(0x{+1}) U (O x {-1}).

Because O has dense leaves in T? (for o ¢ Q), each lifted leaf closure is a full connected

component: O, 41 =T? x {+1}, O, _1 = T2 x {—1}. So the basic space of leaf closures has

two points W = {w,,w_}. Writing « for the projection to the basic space, we have
5(})7 +1) = Wy, 'Li(p> _1) =w-,

and the right O(1)-action flips the sign and swaps wy > w_.

On each fibre k= (wy) = T? x {41}, the restricted foliation is the Kronecker foliation, hence

a Lie foliation with Lie algebra R.

Consider the constant 1-form w := avdr —dy. Then w(X) =a-1—1-a =0, so ker(w) =T0.
The form w is closed and nowhere zero (|12, Example 4.22]). Here the Lie algebra is R
(abelian).

Take generators of m(T?) = Z? given by loops 71 (t) = (,0), 2(t) = (0,t), t € [0,1]. Then

1 1
/w:/ adt = a, /w:/ (—1)dt = —1.
71 0 2 0
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Hence the period group is

[, ={ma—n:(mmn)cZ*}CR.

If @ ¢ Q, this subgroup is dense in R (Diophantine approximation: for every € > 0 there
exist m,n € Z with |ma — n| < ¢). By |12, Lemma 4.23], dense holonomy is equivalent to

dense leaves.

The structural Lie algebra along each component is

1%

R, Ouw_

It
=

g'w+

5.2.4 The Lie algebroid of the action groupoid and the basic Lie

algebroid

We apply the Lie algebroid result from Chapter [3| to G. From Section and Proposi-
tion [3.51} the Lie algebroid of the Lie groupoid G = R x T? = T? is (A¢), = ker(ds);,. Here

the arrow manifold is G; = R x T? and 1, = (0,p). Thus,
TopG1=ToROT,T* 2R & T,T>.

Let (a,v) € R @ T,T2 Since s(7,p) = p, we have (ds)oy)(a,v) = v. Thus, (4g), =
ker(ds)op = {(a,0) : a € R} 2 R. So Ag = T? x R. Let ¢, := (1,0) € (Ag),. Then every
element of (Ag), is of the form ae,, a € R. Therefore every smooth section is of the form fe,

[ e C=(T?).
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The anchor is pg : Ag = TT?, pg = dt|a.. For ae, = (a,0) € (Ag),, we compute

d d
pG(ael)) = dt(ovp) (CL, 0) = % t(sa,p) = E q>8a<p)a
e=0 e=0

where the last equality follows from t(7, p) = ®,(p). Since X = 0,+ad,, we get pg(ae,) = aX,.
So for a section fe € I'(Ag), pa(fe) = fX. Hence im(pg) = RX =TO. If ae, € (ker pg),,
then aX, = 0. Since X, # 0, this forces a = 0. Hence (ker pg), = 0 for every p € T?, and
therefore ker pg = 0. We already showed that the R-action on T? is free, so G, = {1,}. Thus,

Lie(G,) = 0 = (ker pg)p; this is the identity from Proposition [3.55]

Now the exact sequence from Proposition becomes
0—0—T*xRZS RX — 0.

Thus, pg : Ag — TO is a vector bundle isomorphism. By the Lie algebroid construction in Sec-
tion [3.4.2} the anchor is a Lie algebra homomorphism on sections: pg([a,b]) = [pa(a), pa(b)].
Therefore, Ag = T'O as Lie algebroids.

Finally, we pass to the basic Lie algebroid. By Proposition [3.37, for the lifted foliation
(OF(M, O),@), the basic Lie algebroid is A = b(OF(M, (9),(5) — W. Here W =
{wy,w_}, where L,,, = T? x {+1} and L,, = T? x {—1}. Since W is discrete, TW = 0.

Therefore the anchor of the basic Lie algebroid is py : A — TW = 0. So, p4 =0, ker py = A.

By Lemma ﬂ, for each w € W, (kerpa), = l(Lw,(§|Lw). But here kerps = A, so
Ay, = (kerpa)y, = l(Lw, 5|Lw) On each fibre, L,,, = T? x {1}, the restricted foliation is
again the Kronecker foliation. As discussed above, it is a Lie foliation with structural Lie
algebra R. So, A, =R, A,_ = R. Since W only has two points, this gives a trivialization
A=W xR

143



On sections, ['(A) 2 R @ R. A section is a pair (ay,a_), where ax € R. Since the structural
Lie algebra on each component is R, which is abelian, the bracket is [(ay,a_), (by,b_)] = (0,0).
Therefore, for the original groupoid Lie algebroid we have ker pg = 0, but for the basic Lie
algebroid we have kerpy = A = W x R. So we have trivial infinitesimal isotropy at the level

of the original groupoid, but nontrivial infinitesimal isotropy for the basic Lie algebroid.
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