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Theorem. Let X be a compact spin manifold admitting a nontrivial S*-action. Then E(X) =0.

Proof.
Step 1.

Step 2.

Step 3.

Step 4.

If dim X is odd, then there is nothing to prove: E(X ) = 0 for degree reasons. So the
argument reduces to the even-dimensional case.

Hence we may assume dim X = 2m.

Make the action isometric.

Because both X and S' are compact, we can average any Riemannian metric over the
Sl-action.

After replacing the metric by its average, the S'-action acts by isometries.

Arrange that the action preserves the spin structure.
A spin structure on X is a 2-fold covering Pspin(X) — Pso(X).

If a connected Lie group G acts on X, then either G itself or a 2-fold covering group of G
preserves the spin structure.

Since a 2-fold covering of S! is again S!, we may replace the given action by that lifted
circle action.

Assume from now on that the S'-action preserves the spin structure.

The action on spinors, equivariant index.

Because the action is by isometries and preserves the spin structure, the S'-action lifts to
an action on the complex spinor bundle S¢ = SE @S¢ - Since S 1is connected, it preserves
the orientation and hence the chiral splitting. This lifted action commutes with the AS
operator

Dt T(SE) — T(S7).

Hence the finite-dimensional spaces ker DT and ker D~ are complex S'-representations.
Then each of them decomposes into weight spaces

ker l)i = @(ker pi)lm

keZ

where
(ker D), ={veker DF | z-v=2 Vze St



Step 5.

Step 6.

Equivalently, every irreducible complex representation of S' is one-dimensional: Vn € Z,
3 a representation p, : S' — GL(1,C), ¢/ — ¢,

So any finite-dimensional S'-representation V' decomposes as V =2 D oy
In particular, ker D+ = @, V;", where V' = {v €ker DT :z-v=2zFv Vze S}
Similarly, ker D~ = P, V,, where V,” = {v €ker D~ :z-v=zFv Vze St}

Now define the equivariant index. Since D7 is S'-equivariant, ker D and ker D~ are
both finite-dimensional S'-representations, we may form the equivariant index:

Indg:i [DF] = [ker DF] — [ker D] € R(SY).

Under the character isomorphism R(S') = Z[t,t7!], with [p,] — ", t = ¥ and
representation — trace, the equivariant index becomes the Laurent polynomial ip+ (t) =
> (dim Vi = dim V) ek

Note Vg € St, tr(g | ker D) =", (dim Vk+)gk, because on a space where g acts by the
scalar ¢¥, the trace is just ¢* - dimension.

Similarly, tr(g | ker £O7) =Y, (dimV, )g". Then

tr(g | ker DV) —tr(g | ker D7) = Z(dim Vih —dimV, )g* = ip+(9)-
k

If we are evaluating at g = 1, we recover ip+(1) = dimker Dt — dimker D~ = A(X).

So if we can show ip+ = 0 as a Laurent polynomial, then A(X) =0.

Choose a non-torsion element and identify the fixed point set.

Choose g € S which is not a root of unity. Then the subgroup generated by ¢ is dense in
St (g) ={g" :n € Z}.
Let

Fop=X={zreX:g9 -z=u}, F:Xslz{xGX:z-x:m vz € S1Y.

We claim that Fg =F.

F’QFg: ifxeF:XSI,thenz-x:szeSl. SincegESl,g'a:::z:,soxEFg.
FggF: ifxEFg,theng”-x:acVnEZ.

Since (g) is dense in S', for any h € S, 3 a sequence nq, - - - ,nj such that ¢g"i — h in

S1. By continuity of the action,

h-z=lim ¢ -z= lim z=x.
J—00 j—00

h was chosen arbitrarily, so € F, and therefore F’g =F.

G-spin theorem.

Let N be the normal bundle of ' in X. Because F is fixed by S!, the S'-action preserves
N. N decomposes S'-equivariantly as N = B,,~0 Nm, where each N, is a complex
vector bundle. When g € S* acts on v € Ny, g-v = g™ - v, where ¢™ € C (g € S* C C).




Step 7.

We want to compute ip+(g) for non-torsion g.

For a complex rank k£ bundle E with formal Chern roots x1, - - - , xx, define the characteristic

function i
_ H <t1/2e$]-/2 _ t—l/ze—xj/2> -1
j=1

Because .

if we set t = ¢/, then V(E,t) is the characteristic class Ag(E) rewritten in ¢ = .

Because Fy = F', the formula becomes, componentwise on F,

Spin(X,g) = (=1)° ¢ [T AV (9)) - A(F) ¢ [F),
0<o<m
where (—1)? is locally constant on the components of F.

In the G-spin theorem, the normal bundle decomposes by rotation angle: N = @ N(6),
and dg rotates vectors in N(6) by angle 6.

In our case, g = €% € S1 acts on N,, by ¢" = €%, So the factor coming from N,, is
rewritten by setting e = ¢g™.

From Ay (E) = V(E,€"), we compute the corresponding factor as

V (N, %) = V(Np, g™).

By definition,
Spin(X, g) = indg(DF) =ip+(g) = {HV ms §™A(F _)}[_] (*)

LHS: ip+(g) is the Laurent polynomial }°, axt" evaluated at g, in particular a rational
function.

RHS: Look at V' (N, ™). Each factor is (gm/2exj/2 — g_m/Qe_xj/Q) . Although V(N,,, g™)
is defined only up to sign because of the square roots, the G-spin theorem fixes the signs

on the components of F. After multiplying by A\(F ) and evaluating on [F], the whole
RHS gives the rational function in g which agrees with ip+(g).

Both sides of () are rational functions of g. This identity holds for all non-torsion g. We
replace g by a variable t.

WTS: RHS vanishes as t — 0 and as t — oo.

Case (D: If F = @, RHS = 0 for all non-torsion g, so the Laurent polynomial ip+(t) is
identically zero, and we are done.

Case (2): Suppose F' # @. Since the Sl-action is nontrivial, F' # X; otherwise every point
would be fixed and the action would be trivial.



So F is a proper submanifold of X, dimF < dim X, and the normal bundle N is
nonzero. Since N = @, N as a real bundle with complex summands and rankg (N) =
23 o ranke(Ny,) > 0, at least one N, has positive complex rank.

Now we are looking at V (E,t).
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O ift—0, tY2e%/2 —0,

whenever rankc(E) > 0.
@ : ift — o0, t1/2e7%/2 0, } <(B)

Thus V(E,t) — 0 as t — 0 and as t — oco. We apply this to at least one positive
complex-rank summand N, so [[,, V(Np,t™) vanishes as t — 0 and as ¢t — oo.

So the RHS vanishes at both limits: ip+(t) — 0 as t — 0 and as t — oo.
If ip+(t) is not identically zero, write ip+ (t) = ?:p a;t’ with a, # 0 and a4 # 0.

If p<0, apt? = 00 as , but ip+ () — 0,

] - p>0.

p=0, 1D+(t) — Qo 7& 0,
If ¢ >0, aqtq—>ooas, but ip+(t) — 0, 0
= q<0.

qZO, Zl)+(t) 4)&07&0,
But p < g always. Therefore i+ (t) = 0.
Finally, 0 = ip+ (1) = dimker D% — dimker D~ = A(X).
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